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2.1 I4 Hawkes B0< (Ω,Ft, P ) \�S&�HF�L� F = {Ft}t≥0 \e�L7��S:4z σ- sp��A {T1, · · · , Ti, · · ·} /�L<g= F ℄.�B'XS'AKL�y<��� Ti \	
i SXS'A�KL�)e� 0 < T1 < · · · < Ti < · · · \�< Ft- �K��$�p|Z
N(t) /YKL� t 3t��'A�$�XSp�6

N(t) =
∑

i≥1

I(Ti ≤ t),�� I(·)/Tv�p��$`|KL� t t��+OXS1�/ Ht = {T1, · · · , Tn | Tn <

t} = {T1, · · · , TN(t−)}, \V�+OXS1�K��S���p�2T/
λ(t | Ht) = E

(dN(t)

dt
| Ht

)
. (2.1)-e�S���p�9+PtR�λ(t | Ht) = µ+β

∫ t−

0
g(t− v)dN(v),�� µ ≥ 0, β ≥ 0/Gp� g(·) /3C�+'�p�\T�|Z N(t) \ Hawkes �|Z��\�&�.'v�|Z�uk���S���p�2mR�2Y+OXS�'A�2!XS�'A�9il(4�g\6=e�|Z�P�f�O%P�S���p^p�l#P~W�f'A�O�HF^G�g#d^;��.'v�

2.2 *\T Hawkes B0W�w Hawkes |Z��1hd^� (2.1) ��Gp µ 2T+�������6%!)x{}XS'A����/+�Ymj5�!��6=^`ir6��l�'5Lw%��#NA��k6/%!g,6/�+'�p g(·) Vj�\Y�9uh�P�S�k6/NAKL�7>��Q�KL�$�#
O�Gp β 2T:����9;L��+OXS<�z�XS'A���0`�YNB��mj5��:���Q�KL�.�#.��YN9D�!1�lF��P�mj5��:��%��k6/�^G#^��-D�j41�lF�/+R(�vA�k!f�Z~U`Z�A;�^u����mj5�:��NA�~(4�)e�w Hawkes |Z� β AKL=g�t="���mj5��:���KL�.�#.��pE�P=e�$7
^.Lp Hawkes |Z�
λ(t | Ht) = µ + β(t)

∫ t−

0

g(t − v)dN(v), (2.2)�� µ /ta�3C+���Gp�:�� β(·) /ta�3C�prGp���9;L��+OXS<�z�XS'A���0`3��KL�.�/R�//+��$7H� g(t) = exp(−αt)I(t > 0), ��Gp α /ta�2sGp�
2.3 .T>F



424 , 2 l } } � 45�Ap�1/ {T1, · · · , Tn}. �$ f(s | Ht) A F (s | Ht) 73/V�+OXS1�
Ht = {T1, · · · , TN(t−)} K�P�S�k6/NAKL TN(t) ��SS��pA�S7>�p��|+$�spU{��~+P�R�

f(s | Ht) = λ(s | Ht) exp
{
−

∫ s

TN(t−)

λ(v | Ht)dv
}

, s ≥ t,A
F (s | Ht) = 1 − exp

{
−

∫ s

TN(t−)

λ(v | Ht)dv
}

, s ≥ t. (2.3)+= {T1, · · · , Tn} �v��p/
L(µ, β(·), α) =

n∏

i=1

f(Ti | HTi
) = exp

{
−

∫ Tn

0

λ(s | Hs)ds
} n∏

i=1

λ(Ti | HTi
)./2mtR7�N+�A Zα(t) =

∫ t−

0 g(t − v)dN(v). g#�Y.Lp Hawkes |Z^r
(2.2) �H<P��${C�pv��p/

l(µ, β(·), α) = −
n∑

i=1

log{µ + β(Ti)Zα(Ti)} +

n∑

i=1

∫ Ti−

Ti−1

{µ + β(t)Zα(t)}dt, (2.4)�� T0 = 0. /;a��prGp β(·), $7U4��:i��&p�YkI�KL�L7���y< {x1, · · · , xK}, 7�etV� r _��+�p�A/ {Bk(·)}K−r
k=1 . g* K  r /mlp�
 K > r. X β(·) 4��+�p�\v#� K−r∑

k=1

θkBk(·) lu&p��� θθθ = (θ1, · · · , θK−r)
T ≥ 0 /taGp�g* 0 \>d9� θθθ ≥ 0 6y θθθ �P�79	p=(�= 0. ENk��r��a��3Cv�Xe\v#�sÆ β(·), 7s, (2.4), &At/ l(µ, θθθ, α). 6= l(µ, θθθ, α) g=Gp (µ, θθθ, α) /��p�\�a��6

(µ̂, θ̂θθ, α̂) = arg min
µ≥0,θθθ≥0,α≥0

l(µ, θθθ, α) V^�
3 MNQd$a�.Lp Hawkes |Z�a�/*lu^iN����K�Y9Z�$P�2W��kIKL�L [0, 300], W�.Lp Hawkes |Z N(t) ��S���p (2.2), �fAV 0 < T1 < · · · < Tn, �� n = N(300). AVp�1�/RD4j. *�6 (2.3), V�+OXS1�KP�fXS'AKL��S7>�p/
F (s | Ht) = 1 − exp

{
− µ(s − TN(t−)) −

∫ s

TN(t−)

β(v)

∫ v−

0

g(v − u)dN(u)dv
}

, s ≥ t.�1AV�L [0, 1]7	T7>��,.9 {Ui}∞i=1, P�fXS'AKL TN(t−)+1 6/Z F (s | Ht) = UN(t−) �d s 6~�<� µ = 3  α = 1, 7�B+Pu� β(·) ��ptR�
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(a) %f�p
β(t) = 0.6 − 0.6

(t − 150

150

)2

;

(b) ypu:�p
β(t) =

3

2
√

2π
exp

{
− 1

2

( t − 150

50

)2}
;

(c) x/W�p
β(t) =

1

2

√
t

300
;

(d) mS�p
β(t) = 0.3 + 0.3 sin

( t

40

)
.Y^iN����&pK�|�� K = K0 + 2r S�/?�#�1AV�^i�$

{T̃1, · · · , T̃n}� k/(K0 +1) �$73��k = 0, · · · , K0 +1,�� K0 SfA�=�B�
2 S%A��B r f�Y^iN�����fA�p/ K0 = 4 S���_p/
r = 4 _�^i�B 200 f�g=Gp µ A α �a�yQ2 1. �QEa�9\Up=v�� + 1 t��sO µ ? α �`>�uL?/�L

µ̂ α̂�s uL /�L uL /�L
(a) 0.0264 0.2774 −0.0092 0.0425

(b) −0.1117 0.1829 −0.0431 0.0951

(c) 0.1149 0.2616 −0.0173 0.0747

(d) −0.0813 0.2057 −0.0231 0.0714

W 1 t��sO β(·) ���`>�M[1ShM��n�[�x[1S��`>��n�[



426 , 2 l } } � 45� 1 _T; β(·) ���a��|�WW^���vM�w\��p�\��ZAiN�\+$9���7�j��
^�a�/*Y9Z�$P2W7	�
4 fPRJD;Y*$��w�s`�mj5��P*�k6/p!I=�^�AY�h/*b�[>�p� (https://ncov.dxy.cn/ncovh5/view/pneumonia?from=singlemessage&isappinsta

lled=0). 6e1*$ (2020.1.15–2020.5.19),�w (2020.1.2–2020.5.19)A�s` (2020.6.2–

2020.7.2)P*m^�k6/p�1�3P*$��k6/p�1�g��C4AT�1H%=�h/*b (http://wjw.hubei.gov.cn)P*�[>�p�71B�` (2019.12.8–

2020.5.13) �P*m^�k6/p�1�3P*$��k6/p�1�$aX.Lp
Hawkes |Z.4=7jp�1�7G�*$d/!f�k= 1 R 15 *�E!f= 1 R 6 *�+>aX�:,℄�k�*$w1K!q�|� 15 *'wMI�%�!f�$mrj�6�WÆv�`| 5 R
19 *�*$mj5�6/$��k 17103 #��wd/!f�k= 1 R 20 *�g 1 RP�Q��wp�X!6Ex737Æ/ “xe ”. g 2 R 4 *���w{>,yZ~�6 14 �f9��A�Ofnz,y�`| 5 R 19 *��wmj5�6/$��k 11078#��s`Y!\Q_��~�P�wY 6 R8�w,-f8�N9$�m^6/��^W	%G�'�+�m-g��`| 7 R 2 *��s`mj5�6/$��k 923 #�B�`�d/mj5��k!f= 2019 m 12 R 8 *^Wq�7�+�M�k�Y 2020 m 1 R�!YB�`�yL��w<wp�D� �j41�lF��}!�L��Z�U~}�~�`| 5 R 13 *�B�`mj5�6/$��k 50339 #�Yp�1�� 2 R 12 *�z*m^�k6/�^ 13436 /�F)/z*=dk�6/p b,�k6/����z'A;G.�P~�k6/�$�,-�p�/e_eXS�!:��.�7G�0`�$7�eKL�/f�X!p�17/ 2019.12.8–2020.2.11 2020.2.13–2020.5.138S_�73lu7G�g$��k6/p�1�s�Y	�_� (�PNA/ “B�7 ”) \9 19558S�k6/�	%_� (�PNA/ “B�P ”) \9 17718S�k6/�$7X�}h/[>��^(�O�6/p	b, 2 R 12 *'A�G.�� 2 _T;U!p�1��$��k6/!p�KL.���Z�6=�1�\P*m^�k6/p�#US6/�k�t�KL2s�$7Xz*PSm^�k6/�kKL	T7>Yz* 24 fK�KL�Lf�^iUS6/��kKL����_p/ r = 4 _�fA�/ K0 = 4 S�2 2 _T;U!p�1��Gp µ A α �a�x�g2 2 ��Æ^+16%!)x+'�k6/�+���Gp µ �a��*$\�wXM�g�gA[}*$'A$H[
XS9g�#�w�%!g,6/��~\	�YB�`	�_�\}��k6/�'NA���\M�YGp7W/+���\p�#Y	%_��p��D�;�1g,6/A�P�l�'5LwM!�l
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W 2 T �n�0��#>�j5. n~JK-���[+ 2 T �n�0� µ ? α �`>wFn (" �u �r ��6 ��O
µ 2.410 0.657 0.303 1.294 0.073

α 10.57 1.380 1.000 6.732 6.486

W 3 T �n�0� β(·) ��n�[`>U!p�1� β(·) ��p�\a�+ 3 �T��~}+PH�Y*$mj5�!��\} 2 R��'A$H[
XS�7Y 2 RP�WW^!L�|�



428 , 2 l } } � 45�E#H��Z�)e*$wf�mj!�g%4y�1�u} 4 R 7 *�d℄��m0'>j4X�{	��|)TS(�L�#HS1�S	^`�/R1zK!�p�{	N4KL/ 4 R 7 *| 5 R 6 * (��}�
). 	�Se�^WY 3 R 28 *��g\6=p�'>�j4X�{	�!�~�}-/(4� 5 R 14 *�*$p�%'��g6*�Y 39 SX^`j4X�{	�g ���Æ^�!:��^W+x�qYp��j4X�{	�'>d_�!1�jY��0`��w!�'Y 2 R 23 *����wpÆ`��Z 61 �m��[%op!V/S7:f�{}pÆ!�'�kY 3 ����w��pÆ`lu%pZ��9��
3 R 3 *��w!�7Y*Yd$[dfQ%'��wp�l, 24 fK�Ue����pHAg���k6/#p�[�Y��Z� 3 R 12 *� β(·) �a� |�N9WW[zPY��Z�w\�[Y�Sf,-f;��qY�w�!�~}9g�~�

6 R�s`!�'��g 6 R 13 *��m'�ZKg�`P�lu4Al��ye2�e%��s`�D�;� lF�+�p�u6�ÆJMI�,-��
*P�lu�UqJ�Z��CA7#�C/X�Z�B���3K$^�1!pHlFP~!��~}�~�:��WW�UY���Z� 6 R 18 *�P*m^��k6/p�UO8�Y 6 R 25 *&:^WG7,.�;��t�!:��WWPY��Z�g 6 R 28 *�P*m^�k6/k/S3p�qYY3Q��KLf9g�~;�s`!�'_��=B�`#	�gmj5�:��.��a��\��Æ^�Y	�_��e�^WY 2R 7*&:��k#pY 1 R 27*�=�rB�t�^Wf=;��u} 2R 7*m}/px�Yet�^WPY�Z�w|zI����	�36#= 2019m 12 R 8*'6�= 12R 12*�k�B�`= 2020m 1R 23*7D 10�mR9U�1R 24*���Cp�{>���p�'[\4AXS�7`.�U��1v'��E�e�e���Cp�P*dmj5�!1�Y(m8'>%�[>%m�!1�pHAlF�m\gh���)�1�lF�3K^W�9g�~;!�L��P~�k#pY 1 R
27*�N9W[z7B��Z�B�p���A!6[e�B�p��e�MK!��A��wÆ�61��F#VHrH"Y 1R 26*^fOD2K2TE�mRGC�B�`!�g^We� (https://www.guancha.cn/politics/2020 01 26 533212.shtml).

2 R 7 *\n+mRGu�A�EI℄>�#Y	%_��	�Se�^WY 2 R 17 *&:� 2 R 11 *��e5MUY^fm�;AfD2K2Ta�!e��=*EI�w:x.EY 2 R�P�^W
(http://www.xinhuanet .com/politics/2020-02/11/c 1125561318.htm). g�EIA$7�~�y\/9����1!pH�$l�!:��QPY�Y 2 R 22 *&:m}%f��#���!:��;9f=�7B�3LEKL�&:�XS��~s�g�^R�gAIB*!�L�9g�`z 2 R 21 *���CIBL��'W
271 /mj5��k6/�73Y8�IB���CB�`o�IB3�iIB�	/g,r6/�t�����IB!�~��a�$^;�L<�lF�P~!
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;�=�3Qf�u} 4 R 8 *�B�mRd9�!:���uWWPY��Z�+=�~}�UGp�a����a�U!p�1�$ÆKL�����p�pf� 4 ℄T;U�!�.Lp Hawkes|Z����pa��m^6/p.��pE�|�9A7*^�B�w����p�0`9Z�qYgh6/�v�k6 �~��2g����k6/NA0`�g�=B�`	%_�5/YT�qY;eKB�`��!lFt�9g��!~mj5��:%�aD!�}���(4�

W 4 T� ��-Kn Hawkes {Y����n~l℄5.n-��oD
5 ^H$7�
^�.Lp Hawkes|Z���	�℄Tmrj�6�5�!�:pE�NBp�7G�y2Yp�$u;�L<�92�1!lF��!�:g^~}9g�~�e%�Y1!|Z�p�D��lF{Y%1g,�f1�1�gqYY^r (2.2) ��Ag,v6/9g�+���Gp µ, ����B/AKL℄���prGp µ(t). �f��=�9�uh�P�S6/NAKL�7> ("6+'S��p
g(·)) ���B_yp7>%���7>�?%�_;,4.Lp��.'v�|Z�B!:��YKL7�.�%�����|!:Y�L7�pE�/+X=����P*m^6/p�1a/���*Jp��7U4�.'v�|Z6 0 Hawkes|Z [11,12] �|=���tL�!�℄0`:�pE [13].j_ $7(fKj83?O#�M�zS$77
^�s�#QW'�
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Abstract Currently, the coronavirus disease (COVID-19) is becoming a pandemic around

the world, threatening the human social and economic activities and life safety. It is scien-

tifically interested to investigate the evolution process of COVID-19 with confirmed positive

cases in specific region and time period. We propose a time-varying coefficient Hawkes

process to study the trend of COVID-19 transmission over time and evaluate the effect of

government intervention measures as well as some emergent events. Adopting the spline

approximation technique, we develop a semiparametric estimating approach, whose finite-

sample performance is assessed through simulation study. As an illustration, we apply the

time-varying coefficient Hawkes process to examine the transmission dynamics of the pan-

demic in Japan, South Korea, Beijing and Wuhan, showing that the government intervention

policy and emergent public health event can affect the evolution mechanism of COVID-19.

Key words point process; recurrent event; semiparametric method; spline functions;

inflection point
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