Taylor & Francis

2022,VOL. 34,NO. 1, 22-57 !
Taylor & Francis Group

JOURNAL OF NONPARAMETRIC STATISTICS e
https://doi.org/10.1080/10485252.2021.2015767

") Check for updates

The hazard level set

Guangcai Mao ®?, Yanyan Liu®, Yuanshan Wu ©€ and Qinglong Yang©

3School of Mathematics and Statistics, Central China Normal University, Wuhan, Hubei, People’s Republic of
China; ®School of Mathematics and Statistics, Wuhan University, Wuhan, Hubei, People’s Republic of China;
€School of Statistics and Mathematics, Zhongnan University of Economics and Law, Wuhan, Hubei, People’s
Republic of China

ABSTRACT ARTICLE HISTORY
The hazard rate function plays a fundamental role in survival analysis. Received 1 May 2020
Its statistical inference methods have been systemically and exclu- ~ Accepted 28 November 2021

sively studied. When does the hazard rate reach a particular warning KEYWORDS
level? This is a basic question of interest to the investigator butlargely g, otstrap: empirical process;
left to be explored in practice. We define a level set of hazard rate to Hausdorff distance; random
address this issue and propose a kernel smoothing estimator for such set; set inference
a level set. In terms of the Hausdorff distance, we establish the con-
sistency, convergence rate and asymptotic distribution of the level

K P " SUBJECT
set estimator. The validity of the proposed confidence set, based on

S CLASSIFICATIONS

the bootstrap method, for the level set of hazard rate function is 62G05: 62H12: 62N02
theoretically justified. We conduct comprehensive simulation stud-
ies to assess the finite-sample performance of the proposed method,
which is further illustrated with a breast cancer study.

2010 MATHEMATICS

1. Introduction

The hazard rate function, known as failure rate in reliability and survival analysis, and
also as force of mortality in demographics, is a core concept in many fields. It specifies
the instantaneous rate at which failures occur for subjects that are surviving at time ¢. For
unit-variate survival time T, the associated hazard rate function is defined as

Pt<T<t T>t
AD) = lim A= T<t+s[T=0

s—0t S

The censoring, as a feature of survival data, makes the estimation for the hazard rate
function A(#) nontrivial; there have been significant efforts to develop methodologies
and theory for this challengeable issue. Watson and Leadbetter (1964) proposed a kernel
smoothing estimator for the unit-variate hazard rate function, which was further furnished
by Tanner and Wong (1983), Ramlau-Hansen (1983), Yandell (1983), and Lo, Mack, and
Wang (1989), among others. Multivariate survival data, especially bivariate survival data,
where each subject may experience several types of events or several subjects as a group
experience one type of event, are commonly observed in modern biomedical study. As
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the bivariate hazard rate function is closely related with the bivariate survival function,
its estimation method always stems from estimator for the bivariate survival function.
In the framework of censoring, Burke (1988) proposed to estimate the bivariate survival
function by suitably modifying the estimator proposed by Campbell and Foldes (1982)
to satisfy the monotonicity. Employing the product integral techniques and the Volterra
integral equations theory, Dabrowska (1988, 1989) proposed a bivariate Kaplan-Meier
estimate (Dabrowska representation). Pruitt (1991) proposed to estimate the bivariate sur-
vival function based on the self-consistency equations of the EM-algorithm. Prentice and
Cai (1992) proposed a representation (Prentice—Cai representation) of bivariate survival
function by using the marginal survival functions and the related covariance function. Fur-
thermore, Gill, van der Laan, and Wellner (1995) studied the limiting distribution of the
Dabrowska representation and the Prentice-Cai representation by applying the functional
delta method.

The nonparametric estimation methods for the hazard rate function, univariate or
bivariate, or their variety, have been extensively investigated. On the contrary, in practice
we may be interested to know when the hazard rate reaches a particular warning level.
In clinical study, the investigators are eager to understand at what time the hazard rate of
tumor exceeds the prespecified warning level. It is also crucial to know when the hazard
rate of default risk in the credit risk field and thereof ruin probability in insurance attain
the warning levels that corporations can bear. Furthermore, regarding to such a time point
patients or customers can be classified as time-dependent risk, higher or lower, groups.
We define a level set of hazard rate, consisting of all the time points at which the haz-
ard rate is equal to a given level. Utilising empirical process theory and technique of kernel
smoothing, we further propose an estimator for such alevel set and establish its consistency,
convergence rate and asymptotic distribution in terms of the Hausdorff distance.

Our work is closely related with the set inference, which has been studied and pro-
moted mainly in the society of econometrics. Gilstein and Leamer (1983) provided set
consistent estimation in a class of likelihood models. Furthermore, Chernozhukov, Hong,
and Tamer (2007) considered a general class of criterion-based econometric models which
is identified on a set of parameters and proposed a valid method of obtaining confi-
dence regions for such an identified set parameters by employing empirical process theory.
Romano and Shaikh (2010) provided computationally intensive, yet feasible methods for
inference in a very general class of partially identified econometric models. On the other
hand, many efforts have been made to the inference for density level set. Under various
metrics, the consistency and convergence rate for the density level set have been investi-
gated by Polonik (1995), Tsybakov (1997), Walther (1997), Cuevas, Gonzalez-Manteiga,
and Rodriguez-Casal (2006), Rinaldo and Wasserman (2010). Furthermore, Singh, Scott,
and Nowak (2009) established the minimaxity of the estimate of density level set and both
Mammen and Polonik (2013) and Jankowski, Ji, and Stanberry (2014) proposed meth-
ods for constructing confidence sets for the density level sets by using variation of density
function. Recently, Chen, Genovese, and Wasserman (2017), under the Hausdorft dis-
tance, have established the limiting distribution of the estimate of density level set and
constructed the confidence set by using the bootstrap method.

Although there have been significant recent efforts to develop methodologies for vari-
ous set inference in some particular fields, there is a paucity of methods with theoretical
guarantees for set inference with censored survival data. From the perspective of the hazard
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rate function, which is a fundamental concept in survival analysis, we define the level set of
the hazard rate and propose an estimator for it. In contrast to the density level set estimator
proposed by Chen et al. (2017) where the kernel smoothing density function estimator nat-
urally enjoys the independent and identically distributed (i.i.d.) expression, the non-i.i.d.
expression of the kernel smoothing hazard rate function estimator imposes the challeng-
ing obstacle in theoretical derivations. We make much effort to surmount the difficulty by
constructing the i.i.d. counterpart and further evaluating the approximating error, which
is shown to be non-ignorable and further explicitly expressed via sample size and smooth-
ing bandwidth. Based on these painstaking preparations and employing modern geometric
techniques and empirical process theory, we rigorously establish the consistency, conver-
gence rate and asymptotic distribution of the level set estimator. We further theoretically
validate the bootstrap-based method to construct confidence set for the hazard level set.
Numerical results show that the proposed method exhibits favourable performances in the
finite-sample settings.

The rest of this paper is organised as follows. In Section 2, we propose the estimation
method for the hazard level set. We establish the asymptotic properties of the proposed
method in Section 3. In Section 4, we conduct simulation studies to evaluate its finite-
sample performance and illustrate our method with application to a real data example.
Some remarks are concluded in Section 5, and all the proofs are provided in Section 6.

2. Hazard level set

We first introduce some conventional notation in multivariate setting. For any
a=(a,...,ay" € R4 and b = (by,....,bp7T € RY, let min{a, b} = (minf{ay, b1},...,
min{ay, b)) T andI(a < b) = 1—[;1:1 I(aj < bj),whereI(-) is the indicator function. Denote
a<bif aj<bjfor j=1,...,d Let [a,b] = [a1,b1] x --- x [ag,bg] for a < b. The
Euclidean norm in R is denoted by || - ||,. To present our work in a general framework, we
consider d-variate survival time T = (T4, ..., T4)" to denote the survival time for multi-
ple events occurring on a subject or for multiple subjects in a cluster experiencing a single
event. The d-variate hazard rate function is defined as

Pt<T<t+s|T=>0

At) = lim
$>0,||s|[2—0 S1:-84
wheres = (s1,...,s0)7%. Correspondingly, let C = (Cy, ..., C;)T denote the d-variate cen-
soring time. Let X = min{T, C} be the observed time and A = I(T < C) be the failure
indicator. Suppose the study duration is on [0, T¢], where 9 = (701, -, Tog) T allowing

different endpoints for each component of survival times. As usual, T and C are assumed
to be independent.
For a specific £ > 0, we define the level set of the hazard rate function X as follows,

L ={tel0,7o]: A(t) =¢}.

Furthermore, we can define the upper hazard level set as {f € [0, T¢] : A(f) > £} and the
lower hazard level set as {t € [0, To] : A(t) < £}, respectively. Fori=1,...,n, (Xj, A;) are
assumed to be independent and identically distributed copies of (X, A). Based on these
observations, we ideally aim to estimate and infer these hazard level sets. First of all, we
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need to know how to estimate the hazard rate function A(t). Note that the cumulative
hazard function can be deduced as

A(t) =/ A(s) ds.
(0.¢]

Let H(x) = P(X < x) and H(x) = P(X > x) denote the distribution function and survival
function of X, respectively. Based on the random censoring assumption, the cumulative
hazard function can be rewritten as

1
A t = = H d 5
® /[O,t] 60 11(ds)

where Hy; (x) = P(X < x, A = 1). Plugging in the sample versions, we can estimate it by

—~ 1
A t) = ——Hl’l ds 5
® /[‘O,t] ) 11(ds)

where Hy(x) =n" 'Y " I(X;>x) and Hy(x) =n 'YL I(X; <%)I(A; = 1).
Utilising the kernel smoothing theory, the estimator of A() is given by

() = / Ku(t — $)A(ds),

where K,,(x) = h,, g (x/hy), K(-) is a d-variate kernel function, and #,, is bandwidth that
could depend on the sample size n. Therefore, we can estimate the hazard level set £ by

L, ={tel0,1o]:An(t) =)

If we consider the smoothed version of A(t), we have

An(t) = /Kn(t —$A(s)ds = /Kn(t — s)A(ds).

Correspondingly, the hazard level set can be also given by
L, ={te€[0,to]:1,(t) =L}

Motivated by Chen et al. (2017), we really discuss in our work relations between the hazard
level sets £, and Z,, from perspectives of theoretical derivations and practical applications.
Specifically, while the bias of 1,,(f) — A(#) may be analysed theoretically, in practice, it can-
not be accurately estimated. On the contrary, as an unbiased estimator, An(t) converges to
An(t) at a much faster rate. As a result, 1,,(£), preserving the salient structure of A(¢), could
be viewed as an alternative estimand.

It is conventional to use the Hausdorff distance to measure how far two subsets of a
metric space are from each other. Specifically, for any two subsets A and B of metric space
(R4, p), the Hausdorff distance between A and B is defined by

Haus(A,B) = inf{fe > 0: ACB@®eandB C A& €}

= max {sup p(x,A),sup p(x,B)} ,
xeB x€A

where p is the Euclidean distance, A @€ = [J,c4{y: p(0,%) <€}, and p(x,A) =

inf{p(x,y) : y € A}. We will use the Hausdorff distance to evaluate the distance between

the hazard level sets.



26 (&) G.MAOETAL

3. Asymptotic theory

Let BCK(D) denote the collection of functions defined on D with bounded and contin-
uous kth-order partial derivatives. We impose the following assumptions throughout our
discussions.

(i) H(tgo—) > 0.

(ii) The symmetric kernel function K(-) vanishes on the outside of [—1,1] and has
continuous third-order partial derivatives.

(i) |loghy|/loglogn — oo and nh@*2/|loghy| — oo; h, monotonically converges to
zero and nh? monotonically converges to infinity as n — oo.

(iv) The hazard rate function A is bounded over [0, 7(]. There exists some positive
constant cg such that || VA, (£)||, > co forall t € L,,.

(v) L, is a manifold lies in [0, 7] for some T < 7.

Assumption (i) is imposed to make the cumulative hazard function to be well-defined,
which is conventional in survival analysis. For ease of exposition, in assumption (ii), the
support of the kernel is constricted on [—1, 1] instead of an arbitrary compact set. Such an
assumption is also imposed in Ramlau-Hansen (1983), Diehl and Stute (1988), Giné and
Guillou (2001), and Calonico, Cattaneo, and Farrell (2017). Assumption (iii) states that
the bandwidth converges to zero at certain rate regarding to the sample size. Assumption
(iv) excludes the situation in which the hazard rate function A is horizontal, which is also
imposed in Mammen and Polonik (2013), Laloé and Servien (2013), and Chen et al. (2017)
for set inference. Assumption (v) is imposed to avoid the unstability of the hazard rate
function (level set) estimation near the end time of the study. For a multivariate function
f: RY » R andf € BC?([0, T]), we define the quantities

||f||0,max: sup Lf(x)|a

x€[0,7]

Hf”l,max: sup max
xe[O,r]lflfd 0x;

3% (%)

3xl‘8xj

Ifll2;max = sup max
xe[0,7] 1=ij=d

11 max = max{||f ljmax 1= 0,...,k}

for k = 0, 1, 2. The following theorem shows the convergence rate between the estimated
hazard rate function and the smoothed counterpart.

>

Theorem 3.1: Suppose that assumptions (i)-(iv) hold. Then for k = 0, 1, 2, we have
~ |log hyl
o
1An = Anllgmax = O ( e b

Actually, we establish the almost sure (a.s.) convergence rate but we suppress the
abbreviation a.s. hereafter if there is no confusion. Whenever two smoothed hazard rate
functions are sufficiently closed to each other, it could be expected that the corresponding




JOURNAL OF NONPARAMETRIC STATISTICS 27

hazard level sets are closed in terms of the Hausdorff distance, which is summarised in the
following theorem.

Theorem 3.2: Suppose that assumptions (1)-(v) hold. Then we have

R R | log hy|
Haus(Ly, £1) = O(An — Anllgmay) = O ( nidn '
n

We establish the convergence rate for the almost sure convergence, which is used to
build the following theorem.

Theorem 3.3: Suppose that assumptions (1)-(v) hold. Then we have

IGn(f)l — \/nhdp(x, L) - . |log h|
sup = = O7on — All i) = O [,
x€Ln nhip(x, L) nhj,

where
Gup= | 1 d[n'?(A(s) = AG))]
0,79
and fy is defined as

fx(s) =

x—s
), xe L,

1
K( .
Jrivaen N

Theorem 3.3 shows that the projection distance onto the level set L, can be approxi-
mated well at certain rate by a functional empirical process. Thus, we collect the functions
together by defining

F = fx(')=

1 —.
K <xh ) xe Ly,
Jrivaeor N
Let B be the Gaussian process indexed by .# such that for any f; € .% and f, € .Z#,
B(f) = NO.E(f (X0I(A = DH (X))

and
Cov(B(f1), B(f)) = E{Ai(X)AX)I(A = DH *(X-)},

D . o
where = stands for the equal in the sense of distribution.

Theorem 3.4: Suppose that assumptions (i)-(v) hold. If nh3?(loglog n)*/log® n — 0 as
n — 0o, then we have

IP( nh‘é Haus(Zm Ly)<t)—P (/SUP B < t)
7

eF

sup
t
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1/8 1/2

0 log’ n n log® n

f’ll’lz nhz+2
Theorem 3.4 demonstrates that the distribution of the Hausdorff distance between Zn
and £, can be approximated by that of the supremum functional Gaussian process. How-
ever, we can not directly use this theorem to construct a confidence set for £, as the limiting
distribution is too complicated to be applied. We employ the bootstrap method to construct
the confidence set. For ease of exposition, denote W,, = Haus(ﬁ,,, L,) and let wy_, be the

1 — o quantile of the distribution function of W), for a given & € (0, 1). Obviously, it holds
that

P(L, C 2,1 OWi_g) >1—a.

Let O; = (Xj, Aj) be the ith observation, i = 1,. .., n. Sampling n times from these obser-
vations with replacement, we obtain the bootstrap samples OF, . . ., ;. Thus, we can con-
struct the hazard level set E* based on the bootstrapped samples. Let W* = Haus(ﬁ L,)
and wj_, be the 1 — & quantile of the distribution function of W};. Next theorem shows
that the confidence set for £,, constructed by the bootstrap method is asymptotically valid.

Theorem 3.5: Suppose that assumptions of Theorem 3.4 hold. Then there exists ¢, such
that

sup [P(/nhd Haus(L*, L) < t|O1, . .., Oy) — P(\/nhd Haus(L,, L) < 1)]
t

1/6 1/8
_0 log’ n / n log’ n /
- rzh‘,ilJr2 nhﬁ

forall (Oy,...,0,) € Hyand P(,) > 1 — ¢ exp(—cznhz“)for some constants c; and
¢y. Thus, we have

6
~ N log7 n Y log7 n V8
PL,cLy®w_)>1—a+0 +

In practice, repeating the sampling procedure N times leads to N realisations of W,
the 1 — o quantile among these N realisations, denoted by Wffa, can be used to estimate

wi_,. Thus, the 1 — & confidence set for £,, is given by Zn @ WT_a.

Remark 3.1: nhZJr2 /|log h,| — 00 in assumption (iii) implies that nh‘j‘Jr2 — 00, which
leads to logn — (d + 2)|logh,| > 0. Thus, we have |logh,| = O(logn). On the other
hand, it follows from | log k1, |/ loglog n — oo stated in assumption (iii) that &, log” n — 0
for any a > 0. Combining with the extra assumption nh>?(loglog n)*/log> n — 0 in The-
orems 3.4 and 3.5, we have nhi"l+1 — 0, which implies that log n = O(|log h,|). Hence,
we conclude that

|logh,| = O(logn), logn = O(|logh,l|),
which will be used repeatedly in proofs of Theorems 3.4 and 3.5.
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Remark 3.2: If we further assume that nh%+2/log’ n — oo, which is a strengthened
version of nhfj+2 /|1log hy,| — oo based on Remark 3.1, then the established rates in The-
orems 3.4 and 3.5 both converge to zero. As a result, we can theoretically justify the weak
convergence of the Haudorff distance between hazard level sets and validate its boot-
strapped approximation. Actually, for any d 4+ 2 < vy < 5d, let h, be the order of n~1/",
then assumption nhgJr2 /log” n — oo and the other assumptions in Theorems 3.4 and 3.5
are all satisfied.

Now we have systemically established the asymptotic properties of the estimate of the
hazard level set £,, which backups the practical applications of our proposed method.
The proofs of theorems are deferred to Section 6. Furthermore, we can also establish the
asymptotic properties of the estimators of the upper and lower hazard level sets without
much more efforts. We skip the related discussions to keep our focus on the hazard level
set only.

The bandwidth choice is crucial for kernel smoothing method. Intuitively, bias between
A and A, is decreasing and that between A, and ’):n is increasing when the bandwidth
is decreasing. We employ the cross validation score function (Patil 1993) to choose the
optimal bandwidth. Specifically, we define the cross validation criterion

n

(=)
200 dp — 2 5 A KDIA = 1)’ )
A IXI: Z?:J(Xj > Xi) M

Cvn(hn) = /

[0,70]

where 2.5 " is the leave-one-out version of A by deleting the ith observation. The optimal
bandwidth is defined by h,, = arg min;, CV, (hy,), which is recommended in our numerical
studies.

4. Numerical studies

We conducted simulation studies to evaluate the finite-sample performance of the pro-
posed method. For ease of exposition, we considered bivariate survival time, i.e. d = 2, in
numerical studies.

Example4.1: We first generated the survival time T = (T}, T,)T from the bivariate hazard
rate function

Mt 1) = [exp{—(t1 — 2)*} + 0.1] x [exp{—(t2 — 2)*} + 0.1]

and specified the hazard level £ = (110 + 11e)/(100e). We considered the kernel function
K(t1,t2) = 0.16 x exp{—(t; + t3)/2} (=3 < t; < 3)I(—=3 < t; < 3). Note that T} and T,
were independently generated. We set the censoring time C = min{C, }, where C was
generated from the uniform distribution on [0, T 4 L]. The censoring-tuning parameter L
and study duration T were chosen to yield the censoring rates of (20%, 20%), (50%, 20%)
and (50%, 50%). We considered sample sizes n = 100, 200 and 400. The smoothing param-
eter was selected by minimising (1). For each configuration, we repeated 500 simulations,
and for each replicated data set 200 bootstrap samples were generated for constructing the
confidence set.
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Table 1. Simulation results for the proposed hazard level set estimate in

Example 4.1.

CR n Median Mean CcP

(20%, 20%) 100 0.577 0.696 0.935
200 0.510 0.636 0.954
400 0.368 0.505 0.960

(50%, 20%) 100 0.709 0.800 0914
200 0.586 0.674 0.945
400 0.498 0.596 0.941

(50%, 50%) 100 0.707 0.750 0.840
200 0.659 0.695 0.904
400 0.576 0.599 0.927

Notes: CR, the censoring rate; Median, the median of the Hausdorff distance among 500
simulations; Mean, the mean of the Hausdorff distance among 500 simulations; and CP,
the coverage probability of 95% bootstrapped confidence sets.

Table 1 summarises simulation results under different sample sizes and censoring
rates. As expected, both the median and the mean of the Hausdorff distances among 500
simulations decrease dramatically when the sample size is increased from 100 to 400. Fur-
thermore, the coverage probabilities of 95% bootstrapped confidence sets are enhanced to
be around the nominal level. As usual, the performance of the proposed method could be
negatively affected by the higher censoring rates. However, it is greatly improved when n
is increased to 400. As a result, our method exhibits favourable performances in the finite-
sample settings. To gain more insight of the proposed bootstrap method for constructing
the confidence set, based on one simulated dataset with n = 400 and the censoring rate
(50%, 20%), we plot in the right panel of Figure 1 the hazard level set £,, and the estimated
hazard level set £, as well as the 95% bootstrapped confidence set for L£,,. It can be seen that
the proposed confidence set covers the hazard level set £,, very well. Correspondingly, the
optimal bandwidth selection by minimising (1) is illustrated in the left panel of Figure 1,
showing that the cross validation criterion is feasible.

Example 4.2: We further considered a situation where T} and T, were generated depen-
dently from the hazard function A(t1,t2) = f(t1, t2)/S(t1, t2), where

f(t, 1) = 0.336{(t; — 2)> 4 (t, — 2)* + 1} exp[—{(t1 — 2)* + (, — 2)> + 1}V/Y]
x I(0 < t; <20)I(0 < t, < 20)

and

S(tl,l‘z)Z/ / f(x,y) dxdy.
51 t

The hazard level was fixed at £ = 0.2. We kept the remaining setup the same as Exam-
ple 4.1. The simulation results are summarised in Table 2 and the evaluations of the optimal
bandwidth selection procedure and the proposed bootstrapped confidence set method are
presented in Figure 2, from which we can draw similar conclusions.

Example 4.3: Asareal example, we now apply the proposed method to the German Breast
Cancer study. The data is available from http://www.umass.edu/statdata/statdata/data. In
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Figure 1. The left panel shows the optimal bandwidth selection based on one simulated dataset with
n = 400 and the censoring rate (50%, 20%) in Example 4.1. The right panel correspondingly shows
the hazard level set £, (solid lines), the estimated hazard level set £, (dotted lines), and the 95%
bootstrapped confidence set for L.

Table 2. Simulation results for the proposed hazard level set estimate in

Example 4.2.

CR n Median Mean CcP

(20%, 20%) 100 0.872 0.956 0.936
200 0.718 0.792 0.962
400 0.577 0.634 0.962

(50%, 20%) 100 1.104 1.246 0.886
200 0.918 1.077 0.914
400 0.777 0.897 0.944

(50%, 50%) 100 1.327 1.386 0.789
200 1.122 1.274 0.896
400 0.878 1.053 0.921

Notes: CR, the censoring rate; Median, the median of the Hausdorff distance among 500
simulations; Mean, the mean of the Hausdorff distance among 500 simulations; and CP,
the coverage probability of 95% bootstrapped confidence sets.

the study, a total of 686 patients with primary node positive breast cancer were recruited
between July 1984 and December 1989. The time to the recurrence of breast cancer and the
time to death were monitored during study along with the censoring rates 56.4% and 75.1%,
respectively. To provide an overall view, we plot in Figure 3 the heat map for the hazard rate
function estimate. It reveals that both lower-left and top-right regions demonstrated very
higher hazard rates. Furthermore, the patients in the study tended to suffer from much
more serious life-threatening disease than the tumor recurrence. Figure 4 shows the opti-
mal bandwidth selection procedure as well as the hazard level set estimate with £ = 0.002
and the 95% confidence set based on 200 bootstrapped samples. In general, it captures the
trend of the time set in which the hazard rate function reached the given level 0.002, in
comparison with Figure 3.
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Figure 2. The left panel shows the optimal bandwidth selection based on one simulated dataset with
n = 400 and the censoring rate (50%, 20%) in Example 4.2. The right panel correspondingly shows
the hazard level set £, (solid lines), the estimated hazard level set £, (dotted lines), and the 95%
bootstrapped confidence set for L.
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Figure 3. The heat map of the estimated hazard rate function in the German Breast Cancer study.
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Figure 4. The left panel shows the optimal bandwidth selection for the German Breast Cancer study.
The right panel correspondingly shows the hazard level set estimate with £ = 0.002 (dotted lines) and
the 95% bootstrapped confidence set.

5. Concluding remarks

The hazard rate function is the core concept in survival analysis. There has been a long
history of researches on its nonparametric estimation methods. From a novel perspective,
we define the hazard level set and comprehensively study its theoretical properties, includ-
ing the convergence rate and weak convergence under the Hausdorff distance, and further
propose a valid bootstrap method to construct the confidence set. Numerical results
demonstrate that the proposed method performs favourably in finite-sample settings.

In clinical study, the investigators are often interested to know at what time the haz-
ard rate of some tumor exceeds the prespecified warning level. In finance, it is also vital
to understand when the hazard rate of default risk achieves the warning level that cor-
porations can bear. The related hazard level could be considered a guidance for what
diagnostic strategy be further adopted. Our work endeavours to initiate theoretical basis
and illuminate potential application of the hazard level set in survival analysis.

6. Theoretical proofs

We provide proofs of theorems presented in Section 3. For ease of exposition, we consider
the case d = 2 while our derivations can be extended to higher dimension case, mainly
involving the complicated multivariate integral transformation.

Proof of Theorem 3.1: We first prove that it holds for k = 0. For t = (t;,5)" € [0, 7],
under assumption (ii), the expressions of A,, and A, can be further refined as

An(t) = / Ky(t —s)A(ds) and A, (f) = / K, (t — s)A(ds),
B (t) Biu(t)
where B,,(t) = [t; — hy, t1 + hy] X [t2 — hy, t + hy,]. Then we have

Ien(t) = dn(t) = / Ku(t — $)(A — A)(ds).
Bu(t)
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Under assumption (ii), using integration by parts and noting that K,(t —s) and VK,
(t — ), as functions of s, are zero at the boundary of B, (t), we further have

Ien(t) = dn(t) = f (A — A)(s) dK,,(t — s). )
Bu(t)

Rewrite

~ 1 1
At) — At) = / = —Hui(ds) —/ = Hyi(ds)

[0,¢] Hu(s) [0,s] H(s—)

= / {-; - —;} Hyp1(ds) +/ —;(Hnll — Hip)(ds)
04 L Hu(s) H(s—) [0,¢] H(s—)

=& (t) + En(t),

where &,1(t) and &, () are self-explained from the expression. As a result, (2) can be
further deduced as

/Xn(t) — An(®) = / En1(s) dK, (t — s) + / Ena(s) dK, (t — s)
B, () By (t)

=N (&) + N2 (b), (3)

where the definitions of 17,1 (£) and 1,5 (£) are also self-explained. We first consider the term
Nn1(t). Let (11 — s1)/hy, = uand (t — s2)/h, = v, then using assumption (ii), we have

1 pl
N1 (8) = nu1(t, ) = hnZ/ / En(ty — hyu, ty — hyv)K(du, dv)
—1J-1
1 pl
= h;2/ / En1(t1 + hpu, ty + hyv)K(du, dv). (4)
—1J-1
Furthermore, the integrals of f_ll f_ll En1(t, + hau, ) K(du, dv), f_ll f_ll En1(t1, 1)K (du,

dv), and filfilénl(tl,tz—I—hnv)K(du,dv) are all zero based on assumption (ii).
Hence, (4) can be written as

1,1
N (t) = hn2/ f &t + hau, ty + hyv) — £ (B + hau, t)
1/

—&En(ti, by + hyv) + &En1 (1, £2) 1K (du, dv)

1 1 t+hyu tr+h,v
=h;? / / / / £,1(dsy, dsy) § K(du, dv)
—-1J-—1 1 t

_ h—2/1 /1 /tl+h"u/tz+h”v HESI_;SZ_) —_Hn(sl,sz)
S R R % t H(s1—,s2—)Hu(s1,2)

x Hp11(dsy,dsy)} K(du, dv). (5)

Note that h, monotonically converges to zero as n — 00. Thus, there exists some T* <
7o such that 7y + h, < 7] and 1, + h, < 7, when n is sufficiently large. Then, under
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assumption (i), we have

fthau - ptothav F(s)—, 5)—) — Hy(s1, s
sup h;Z/ / El 27) = n(s1 2)Hn11(d51,d52)
t1,t2,u,v t t H(Sl_)sz_)Hn(SI)SZ)
_ _ t+hau  ptrt+h,v
<c¢; sup [|Hy(s) —H(s—)| x sup hZZ/ / Hpi(dsy, dsz)|,  (6)
se[0,7¥] 11,62,U,V 5] [5)
where c3 is some positive constant. Furthermore
ti+hyu th+h,v
sup hnzf / Hy11(dsy, dsy)
ty,t,u,v 5] 15}
5 ti+hau ty+hyv
< sup |h, / / (Hn11 — Hi1)(dsy, dsy)
ty,t,u,v 5] t
t1+hyu ty+h,v
+ sup hrTZ/ / Hii(dsi,dsy)
t1,t,u,v t ty
<4h,? sup |Hui(s) — Hu(s)|+ sup [H{; ()], (7)
s€[0,7%] se[0,7*]

where HY| is the sub-density function corresponding to the sub-distribution function Hj;.
It follows from the iterated logarithm that

- - loglogn
sup |Hp(s) —H(s—)| =0 (\/ ﬁ) (8)
se[0,7*] n
loglogn
sup |Hu11(s) —Hu(9)| =0/ — |- )
s€[0,7*] n

Using the boundedness condition of A in assumption (iv), we have, for some constant c4,

and

sup |H{j(s)] = sup H(s)A(s) < sup A(s) < ca. (10)

se[0,7*] s€[0,7¥] s€[0,7%]
The total variation norm of K over [—1, 1] is denoted by || K| v, which is bounded by some

constant ¢ under assumption (ii). Therefore, combining (5), (6), (7), (8), (9), and (10), we
have

sup 71 ()]
t

< sup
tt,u,v

N _ Hpi(dsi,ds2) | - [IK]ITv
H(s1— 55—)Hu(s1,82)

2 tithau  ph+hey H(s1—,55—) — Hu(s1,52)
n
f 5]
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logl log1
-0 ( /ﬁ) (4,1;20 ( /ﬁ) . C4) .
n n
_0 loglogn n /loglog n ' (11)
nh? n

Using the similar arguments, we rewrite 1, (¢) as

1 1 5 t1+hyu ty+h,v 1
T
" —-1J-1 " t 5] H(Sl—,Sz—)

X(Hnll — Hll)(dsl, dSz)} K(du, dV) (12)

We now consider the signs of u and v. First, if u € [0,1] and v € [0, 1], define

1 = I(X; € [t1,t1 + h tr ty + hyVDI(A; = 1
GI’JF(tl,tz,u,v):—Z Xi € [t1, 1 + nu]_X[z 2+ havDI(A; )‘
ni= H(Xi—)

The integrand function in (12) can be deduced as

sup
t1,t2,u€[0,1],v€[0,1]

=y’ sup G (11, ta, u,v) — B{G (11, 12, 1, W)} (13)
t1,t2,u€[0,1],v€[0,1]

5 t1+hyu tr+h,v 1
h, / / = (Hu1 — Hi)(ds1, ds2)
" t t) H(Sl_>52_) !

We further define the class of functions

G = {gn.truvh, (21,22, 23)
=I(z; € [t1,t1 + hau)I(z2 € [ta, 1y + hyv])I(2z3 = l)ﬁ_1(21—,22—) .
t1 € [0,71], 2 € [0,72],u € [0,1],v € [0,1], h, > O}

and its subclasses

Gn = gt tr,umh (21,22, 23)
=1(z1 € [ti, 1 + huD)I(z; € [tsr ts + WWD)I(z3 = DH (21— 22—) :
t1 €[0,71], 2 € [0, 72],u € [0,1],v € [0, 1], hpm < h < hzm—l},
where m = 1,2, .. .. It follows form Theorem 3.3 in Giné and Guillou (2001) that ¢ and,
for all m > 1, ¥, are measurable uniformly bounded VC classes of functions. We now

verify conditions in Corollary 2.2 in Giné and Guillou (2002). Due to the boundedness of
H~! on [0, 7*] in assumption (i), there exists some constant cg such that

sup sup |g(z1,22,23)| < sup H '(s) < cs.
g€ 21,22:23 s€[0,7%]
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Furthermore, some calculations, combined with (10), lead to

sup
t1€[0,71],t2€[0,72],u€[0,1],v€[0,1],hym <h<h,m—1

E {I(X € [ti, 11 + hu] X [t2, 2 + WW)DI(A = 1) }2
HX-)

t1+hu ty+hv
= sup / / H{,(s1,52) dsidsy
t t

11€[0,71],12€[0,72],u€[0,1],v€[0,1],hym <h<h,m—1

X sup H2(s) < céq sup h?
SE[O,T*] hszhfhszl

< céa;hgm,l.
Thus, the parameters U, and o,%, in Corollary 2.2 in Giné and Guillou (2002) can be taken
to be
Un=cs and 0'31 = céa;hgm_l.
Assumption (iii) implies h;m-1 — 0 and 2”‘_1h§,,H /| loghym—1| — oo asm — oo. There-

fore, for sufficiently large m, it holds

U,
om < Up/2 and +/2"c, > U, [log iy (14)
o

m

Similarly, for sufficiently large m, there exists some c; such that

U,
omv/27 [log —™ < \/C7zm—1h§m,l | log 1. (15)
Om

Thus, conditions in Corollary 2.2 in Giné and Guillou (2002) have been verified from (14)
and (15), which immediately implies that

om

P| sup Z[g(X,-l,Xiz,A,-) — E{g(X11, X12, AD}]| > cs\/672m—1h§m,l|logh2m71|
8€9m |i=1
U,
< cg exp {—clolog—m} (16)
Om

for some positive constants cs, ¢g and c¢;¢, whereX; = Xi1, Xin) L. Assumption (iii) implies
that | log hym-1]/ loglog(2™~1) — oo, from which we have

U,

c10 log > 2log(m — 1)
Om

for sufficiently large m. Then (16) can be further rewritten as

2m
Pl sup Z[g(Xil,Xiz,Ai) — E{g(X11, X12, AD}]| > Cs\/C72m_1h§m71|10g hym-1|

geffm i=1
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< cg exp{—2log(m — 1)}
9

For 2™~ ! < n < 2™ we have hym < h,, < hym-1 and nhi > 2’“_1h§m_1 under assumption
(iii). As a result, | log hy,| > |log hym—1], which immediately implies that

1

1
< .
V/nh2[log hy| \/2m—1h§m_1 | log Fym-1 |

(18)

Following (17), (18) and the Montgomery-Smith maximal inequality (Giné and Guil-
lou 2002), we have

n
P max sup —| G,'f"|r (t1, ta, U, V)
m—1 m h2|log h,|
2m=l<p<2My 1 uel0,1],ve[0,1] n! 108 My

—E{G}"F (t1, 12, u, )} > 30c5./c7)

1
=P max sup —_—
2l <n<2m ¢ 1 ue0,1]vel0,1] /12| log hy|

5 Z {I(Xi € [ti, t1 + haul X [t2, t2 + hyv]DI(A; = 1)
H(X;—)

i=1
t+hau ty+h,v 1
- =————Hj1(ds1,ds)
x/tl /1:2 H(Sl_’SZ_)

<P max sup
-1
M =n=2" 1ty ue[0,1],v€[0,1],hym <h<h,m—1 \/zm—lhgm_l | log hym-1]

> 30c8\/5>

1

y Z {I(Xi € [t1, 11 + hu] X [, tr + WWDI(A; = 1)
H(X;—)

i=1

ty+hu  ptr+hy 1
— = —Hj(dsy, ds)
/l‘l /tz H(Sl—,Sz—)

1

> 30c8\/c_7)

< 9P sup
b2, (0,1v€ (0,1 iy <h<hypn 1 \/2m—1h§m_1 | log hym-1]

§ 22’": {I(Xi € [t, t1 + hul X [t tr + WWDI(A; = 1)
H(X,;—)

i=1

t1+hu tz+hv 1
— ————Hj;(ds;, dsy)
-/tl /t‘z H(Sl_) 52_)

> Cgﬁ)
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2m
=P | sup | Y [¢(Xi1, Xio, Ay) — E{g(X11, X12, A1)}]
8€%9m | i=1

> Cg\/C72m_1h§m,1 | log hym-1 |>

< %
(m —1)?

Consequently, it follows from the Borel-Cantelli and the zero-one law that with probability
one it holds

n
Jona sup |G (11, b2, u,v) — E{GF (11, 12, u,v)}| < 30cs4/c7.
h;|log hy| t1,t2,u€[0,1],v€[0,1]

As a result,

[h2|log h
sup IGPY (.t u,v) — E{GPT (11, 1, u, )} = O Hiallog hnl . (19)
t1,t,u€l0,1],v€[0,1] n

Then (13) can be rewritten as

sup
t1,t,u€l0,1],v€[0,1]

B | log hy|
N O( nh2 |’

Furthermore, G»~, G,’*,and G,,°~ can be defined similarly. Mimicking the proof of (19),
we can also establish the same uniform convergence rate to their expectations. Hence, we
conclude that

5 t1+hyu tr+h,v 1
h, / / ——(H 11 — Hll)(dS], dSZ)
" t t) H(Sl_>52_) "

sup
t,t,ue[—1,1],ve[—1,1]

|log hyl
=0 .
( nh?

Based on (12), we have

5 t+hyu  ptr+hyy 1
h / / ———(Hpu11 — Hi1)(dsg, dsy)
" t1 t H(Sl—,Sz—) !

sup |12 (0)]
t

< sup
t1,t,ue[—1,1],ve[—1,1]

|log hy|
=0 . 20
( nh? ) (20)

5 t1+hnu t2+hnv 1
e / / - (Hp1 — Hi1(dsy,dsy)| K|ty
" t H(s1—,5—)




40 G.MAOETAL.

Coupled with (11) and (20), (3) can be deduced as

% = Al mae = SUp [An(®) — An(B)]
te[0,7]

< sup [nu(B)]+ sup [n2(f)]
te[0,7] te[0,7]

<0 log logn /log logn | log hy|
- nh’ nh?
| log hy,|
=0
( nh?

under assumption (iii). For scenarios k = 1 and 2 and d > 2, using the similar arguments,

we can conclude that
~ | log hy|
An = Anllf max = O ,
n nilk,max nhz+2k

which completes the proof of Theorem 3.1. |

Proof of Theorem 3.2: Assumption (iv) implies that there exist some positive constants
c11 and ¢y such that if [£; — £,| < ¢11 then

Haus({t € [0, To] : 1, () = €1}, {t € [0, To] : Xn() = £2}) =< ci2lly — L2; (21)

see remarks of Theorem 2 in Cuevas et al. (2006). We first consider supxE r, P L A,,) It

follows from assumption (iii) and Theorem 3.1 that ||/):n — A ||0 max 25 0. Takingx € £,
and using (21), for sufficiently large n, there exist u, and v,, depending on x and A —
Anllg max> Such that

An(uy) =€+ 2”/}\\11 — g

“O,max’ lo(x> un) =< 2612”)"1’1 - )"n”?;,max

and
An(Vy) =€ = 2||A, — )‘H"S,max’ px,vy) < 2c12l|An — )“n”g,max-
Thus, we obtain that

Ton(Un) = Do () + Do () — Do (1) = €4 21 — Anllmax — Pon = Al o = -

Using the analogous arguments, we have’)\\n (v,) < £.Hence, there exists some z, such that
An(zy) = € and p(zy, u,) < p(uy,v,), which implies that

P(X,21) < P(X, Un) + P20 ) < P Un) + 0 (X, 1) + (X, V) < 6C12[[ Ay — A0 max-
Immediately,

sup 0%, Ln) < 6120 — Jonllf max- (22)
xel,
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We further consider supz. 7 o *, L,). Takingx € L,,, we have

An®) — €] = [y @) = 2n @ < 7o — nllf s

which, combined with (21), implies that

sup p(%, Ln) < c12 sup [An(®) — €| < ci2llAn = Anllgmax-

xel, xel,

Following (22), (23) and Theorem 3.1, we have

Haus(L,, £,) = max { sup p(x, L), sup p(x, En)}

?ezn xEﬁn

S 6C12”)"7l - )\'l’l”;,ma_x

| log hy|
( nhd

Consequently, we conclude Theorem 3.2.

(23)

Proof of Theorem 3.3: By Theorem 3.2 gpd assumption (iii), we have Haus(Zn, L) 25
0. Thus, for sufficiently large n, the set £, is contained in set [0, 7]. On the other hand,
it follows from assumptions (iii) and (v), Lemma 1 in Chen et al. (2017), Theorems 3.1
and 3.2 that there exists a unique x € £, such that p(x, L,) = p(x,x) for eachx € L,,,

and vice versa. Furthermore, assumption (iv) also holds for xn(t) as Haus(fn, L) %0

-~ a.s.
and % — Al s — 0.

Noting that /):n (%) = An(x), and expanding 5:,1 (x) around %, we obtain that

Don(®) = (%) = Vi, & T (x = )| = [An(®) — 2R — Vi, ® '(x — B)|
= 0(P* (%, %)) + Ok — hnlls ma) P> (%, %)

under assumptions (ii) and (iv). It follows from the Lagrange multiplier method and

assumption (v) that
Vi@ (x = R)| = [[VA®) 120 (%, 7).
AS a consequence,
| An (%) = 2n(®)] = VA @) 20 (%, )]

< [n(®) = An(®) — Vi, ® T (x = B)|
= 0(p*(%,%)) + O[An — Aull} ma) P2 (%, %).

(24)
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On the other hand, the Taylor expansion of V1, (%) around x results in
Vin@®) = Vin(®) = V2An ()& = %) + (0, ).
Using assumptions (ii), (iv) and Theorem 3.2, we obtain that
V@) — Van @)z < O(p@E, %) < O(Haus(Ly, L)) = O %n — ol )
Therefore,

V@2 = VA @) 2] < VAR — VA )2
< NVA® = Vi@ 2 + VAR — VA )12
< O(I2n = 2l max) + OUkn = Al ma)
= O(I*n = 2l ma)-

Thus, based on Theorems 3.1, 3.2 and assumption (iii), from (24) we have

| R () = @) = (VAR @) 20 (5 L)
< 2@ = 2@ = Vi@ 206 L)l + VAR @ N2 = VA ) 1210, L)
= 006 L) O = 2nllf ) + OUon = Anl3ma) O — Anllf )
+ O(I%n = Anll} ma)}
= O([%n = Anll} max) (% L),

Since

Tn(®) —An(x) 1
Vi@l fopa

and ||[VA,(x)|2 is bounded away from zero as stated in assumption (iv), we obtain that

IG(f)l — /o (x, L) - . |log hy|
— = Ol = hnllima) = O [~
ﬂhﬁp(x, L) Mt

Gn (fx)

holds uniformly over x € £,,, which proves Theorem 3.3. [ |

Before proving Theorem 3.4, we establish the following lemma, which is a strengthened
version of Theorem 3.1.
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Lemma 6.1: Suppose that assumptions (i)-(iv) hold. Then for k = 0, 1, 2, we have

~ loglogn loglogn
|||xn—xn||z,max—||gnu—E(gnu>||7:,max|=O( N )
nhy nn,

An = Anll max = OUlgn11 — E(@n) I may)>

and

where

I e a1yl
gml(t)—ni;Kn(t X)I(A; = DH L(X;-).

Proof: We first consider case k = 0 and d = 2. Under assumption (ii) and using integra-
tion by parts, 7,2(#) in (3) can be written as

K, (t —
N2 () = / Q(Hnll — Hy1)(ds) = gui1 (1) — E{gn1(®)}.
Baty H(s—)

Following (3) and (11), we obtain that

|||)"7’l - )“ﬂ”?)(,ma)( - ||gn11 - E(gnll)”g’maxl

sup [hon(®) — 2u(B] — sup |gun1(£) — E{gun1 (£)}]

te[0,7] te(0,7]
< sup [An(t) — An(t) — N2 (D)
te[0,7]
= sup |na1(0)]
tel0,7]

_0 loglogn+ /loglogn ‘
nh? n

Using the analogous arguments to Theorem 3.3 in Giné and Guillou (2002), there exists

some constant ¢13 such that [|gu11 — E(gn11) 1§ max > €134/ 1108 hnl/(nhg). Thus, assump-

tion (iii) implies that

~ loglogn loglogn
||An—xn||z,maxs||gnu—E(gnu)||3,max+O( e )
n

= O(llgn11 — E(gn11) 15 max)-

For scenarios k = 1,2 and d > 2, utilising the similar arguments, we conclude Lemma 6.1.

Proof of Theorem 3.4: Based on Theorems 3.2 and 3.3 and some basic derivations, we
have

|\/n>h;;’Haus(Zn,£n) — sup |(G,,(f)||

feF
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xely, feZF

M sup p(x, Ly) — sup IGn(f)l'
7

~ SUPyer, | |Gn(fx)| - ”hZ,O(x, En)|

< sup +/nhdp(x,L,) —
xeLy sup,c o, +/mhdp(x, Ly)
A G| — |/ nhip(x, L)
< sup \/nhdp(x, L,) sup

xeLn xGEn nhﬁp(x) Ln)

< cu4 |10ghn|”)"n - )‘ﬂ”imax

for some positive constant c14. By Corollary 2.2 in Giné and Guillou (2002), there exist

some constants cis, c16, 17 and ¢;g such that for ¢;54/ | log hnl/(nth) <t < ce

P(llgn1 — E(@n) I} max > 1) < c17 exp(—cignhfF22). (25)

> tz)

< P(c1av/110g nl % — Anll§ max > 12)
< P(cr9c1av/|10g hn|llgn11r — E(€miD 1T max > t2)

d+2

C18 nh

scazexp| =550 "h £ (26)
C1oC1y |10g hnl

Following Lemma 6.1, we have

P (‘ nhd Haus(L,, L,,) — sup |G, ()|
feF

for some positive constant ¢j9 and c15c19c14\/| log hy, |2/(nh‘,il+2) <ty < c16c19€14+/ | 10g hyl.
On the other hand, we define the class of functions

K@ =2/l =1)
RV @l ()

on which we further define the process

yT == fx(zl)ZZ) == S £n >

e L N A e
Gi(f) = ﬁ;ﬂx”m) E{f (X, AD}]

T

for any f € .#7. We denote the Gaussian process B indexed by .7
fie FTandf, € 7,

such that for any

B (fi) 2 N(O,E{f2(X,A)}) and Cov(B'(f),BI(£)) = E{fi (X, A)f(X, A)}.

Following Corollary 2.2 in Chernozhukov, Chetverikov, and Kato (2014), there exist some

.\ . D
positive constants ¢;g and ¢;; and some random variable B = SUpfc 7t BT (f)| such that



JOURNAL OF NONPARAMETRIC STATISTICS . 45

for all y € (0, 1) and sufficiently large #,

€20 log2/3n
P (| sup |GT(f)|—B > ————— | < (y.
(fey+ ! 2 y13(nhd)1/s
Obviously,
log2/3n
P Gu(Hl —B 173 (A 1/6
(fsél;' e e T
2/3
) —B|> R _lgn
S]P)(fselg""(gn(f)l B| > P y1/3(nhg)1/6>

+p(

<y +IP’(

sup |G, ()| — sup |GZ(f)|‘ >

feF feFt

€0 logz/3 n
7 )/1/3(11]/1;1)1/6

¥ €20 log?’® n
i 4 'G”(f)"> 2 yirnye)

By (26) and (27), we have

P d L L log™ "1
|/ nhd Haus(L,, n)—BI>t2+C20y1/3(n—W

d+2
C18 nh 2
= C17 €Xp (—ﬁ K t2> + 1y

C19CT4 | log hy,|
+IP’<

On the other hand, viewed as index by x over L, the distribution of B(f) is the same as
that of B (f). Consequently, employing Lemma 10 in Chen et al. (2017) and (28), we have

(28)

sup |G, (f)| — sup |G:,(f)|| >

co  log??n )
feF feFt

B3 y1/3(nhzyil)1/6

sup
t

P(,/nhd Haus(L,, L,) < t) — P (/SUP IB(HI = t)

ez

log”/* n cig nhdt?
= {Czog—%—tz\/lo@ +eny +azexp | — 18 n t%

y13 (k)16 coci, |1oghy|
e log?3n
+P [ [sup [Gu(H) — sup IGR(HI| > o — 52— (29)
(feﬁf‘ ' fezt ! 2 y13(nhd)l/e

for some positive constant ¢z,. Observing that

() = )
Ga(fy) = nh"—IIan(x)llz forfy € # (30)
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and

48n11 (x) — IE{gnll %)}
" VAR ()2

Gh(fy) = \/nh forf, € ZT, (31)

and using Lemma 6.1 and the boundedness of || VA, (x) |5 Lover x € £, which is stated in
assumption (iv), we obtain that

log1
sup |G, (f)| — sup IGZ(f)I' =0 808" + hﬁloglogn

feZ feFt nh‘i

Under assumption (iii) and as nhid(log logn)*/ 10g3 n — 0, there exists some ¢33 > C%5618

large enough such that nthHCB /(|log hy|? logn) converges to zero. By setting y =
7 2 211 Iy 2

(h;ghd")l/S and t, = (523619614\ 0g hn| loglogn and

crgnhi ™ A/ nhd
2/3
\/h4loglog n converge to zero faster than %. Therefore, we have

d

Based on the chosen y and t,, (29) can be refined as

)1/2, it is straightforward to verify that

€20 logz/ *n

;
B ¥ - R I 32
;sglGn(f)I fsethlG (f)l‘ > yl/S(nhg)l/6> (32)

P(y/nhd Haus(L,, £,) < t) — P (/sup IB(HI < t)
eF

sup
t

8 1/2
_0o log’ n Y n log® n /
N nhﬁ nhz—i_z

by using Remark 3.1. We therefore complete the proof of Theorem 3.4. |

Proof of Theorem 3.5: Denote 7%, = {(Oy,...,0,) : [en — AnllT max <
small g9. As a resul‘s, whenever dataset lie in .7, assumption (iv) holds for /)tn by
replacing £, with £,. In addition, by Lemma 6.1 and (25), we have P(J7;) > 1 —
24 €xp(—ca5 nhﬁ“) for some constants ¢4 and cp5. Thus, we can assume that the original
data O,..., Oy lies in .%;,. We define the bootstrap empirical process

g9} for some

Gi() = f[o FOdnPE © - Ko,

where A*(s) is the bootstrapped estimator. Let EZ be the bootstrapped estimator of hazard
level set, then we have

sup [P(y/nhd Haus(L*, L) < t|Oy,...,0,) — P(/nhd Haus(L,, L,) < 1)
t

P(,/nhd Haus(L*, L) < t|Oy,...,O,) —P(/sup IBX(f)| < t|01,...,0n>

eF)

< sup
t
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P (/sup IB()| < t) —-P (/sup 1B (O] < t|(91,...,(9n>
eF eFx

P(,/nhd Haus(L,, L) < t) — P (/Sup IB(HI < t)

+ sup
t

+ sup
t

ez

={m + 2 + uzs (33)

where ¢,1, ¢z and ¢,3 are self-explained from the expression,

Fr =1 he) = "");ern ,

1

(%
JHIvE, ol N
and B is a Gaussian process on .%," such that for any f; € .#," and f, € .,

E(BZ(leOI, e ,On) =0
and
l n

Cov(B; (). By()|O1,.... O) = — D iKDHX)I(A; = DA (Xi-),

i=1

Theorem 3.4 implies that

1/8 1/2
log’ n log® n
=0 + . 34
{nS ( nhz ) <nhz+2 ( )
If we suggest to estimate M by /):ﬁ, mimicking analogous procedures of estimating A, by
An and applying similar arguments for Haus(L?, L£,,), we have

1/8 1/2
: o log’ n n log® n (35)
1= .
" }’l]’lz nhﬁ‘i_z
Now we consider the second term ;. By assumptions (ii) and (iv), there exists some
universal constant cyg such that

—1 X1 —X ~ 1 X) — X
IVAn GOl K| — = a6 Vi)l K\ — < 26

n n

hold uniformly over x € [0, 7¢], x1 € £, and x; € En, respectively. Following (2.10) in
Giné and Guillou (2002), the function collection

Focale = {fx(-) = [|[Van(x)]I; 'K (xh_ ) ‘x € /:n}

is the uniformly bounded VC class. As a result, there exist some constants c7 and ¢yg such
that

1) €28
sup N(Fscale> L2(Q), c26€) < (?7) ’
Q



48 (&) G.MAOETAL

where N(£2, 0, €) denotes the e-covering number of metric space (2, 0), Q is the proba-
bility measure and the L,(Q) norm of f is ( f If1? dQ)/2. Thus, we have

28
c
Ni(€,n) = sup N(F, Ly(Q), c26€) < ( d27 ) (36)
/2
Q hy,' "€
by observing the scale transformation from e to .#. Let L be the Lebesgue measure
on R%. For Q = (tg; - - - 70g) 'L and € > 0, we can find a covering set for .# with size
Ni (e, n), which is denoted by Z; = {f?,..., flgl (e, )+ Obviously, class Z is indexed by x
over L,. On the contrary, for any f € .% we denote the corresponding index by ¥ (f) €
L.
As far as class .}, utilising analogous arguments to (36), there exist some constants cy9
and ¢3¢ such that

€30
C
Na(e, n) = sup N(F;r, L>(Q), ca€) 5( 7 ) .
Q hy,' "€

The covering set 7, = (%, ..., fl(\)l; em) for Z; and the corresponding index W, (f*) €
L, for any f* € .# ) are defined similarly.

Let N(e,n) = Ni(€,n) + Na(€, n) and I14 (x) be the projection for x onto a set A. Obvi-
ously, foranyf € .7, thereexists f* € .7 such that W»(f*) = Iz (¥1(f)),and vice versa.
With slight abuse of notation, we define the mapping by I1zx (f) = f*. Let

f_{f’, 1 <i<Ni(en),
TN em)> Nile,m) +1<i < N(e,n)
and
e {l'éy;(ﬂo), 1 <i < Ni(e,n),
i ﬁ'—’f\h(e,n)’ Ni(e,n) +1 < i< N(e, n),
which implies that
191 (F) — W2 (F)l2 < Haus(Ly, Ly) (37)

foralll1 <i < N(e,n). Let F = {fi-- >N} and j;f ={f... ,flf}(e)n)}, then ¢,; can
be deduced as

Cmp < sup |P (/sup IB(f)| < t) —P | sup |B(f)] <t
t eF 7

feF

+sup |P | sup B() <t| =P sup [B(f)| <tO,...,0,
£ fej" feé’?,f

+sup [P | sup [B(H| <tO1,....,0, | =P | sup [B;(f)| <tO,...,0,
t

feFy feFy




JOURNAL OF NONPARAMETRIC STATISTICS . 49

+ sup P(/sup B ()| < tl(’)l,...,(’)n) —P | sup [B:(f)| <tOy,...,0,

t eFx fe?v;f

1 2 3 4
=5 40 88 + 8 (38)

where definitions of {15;), Qg)’ g,g)

and 5(4) are also self-explained. We first deal with
term §n2) For notational simplicity, denote y; = (log ")1/ 8, Under assumption (iii) and

nhid(log log n)t/ log n — 0, following (27), (30), (31) and (32), there exist some constants
¢31 and c3; such that

d
of

1 c log??n
sup / nhd||VA,®)15 ' A (x) — Au(x)| — sup |B(f)|' > ﬂg—)
feF

xeLly, 3 )/11/3(71}1‘5)1/6
[ n(®) = A (@)1
sup / nhf ——————
VA )2

xeLly,

— sup \/nhd |gn11(®) — E{gni ()} _ o log?3 n -
xely VAn(x)]l2 13 (uhdy1/6
= 321> (39)

where gni1 is defined in Lemma 6.1. In addition, (39) also holds for x € En and f € F
where £, = {E1(f1),. .., E1(fN(e,n))}. Hence, we have

log?> n
P |sup [B(f)| — sup IB()|| > ca1 1/3

ez fe/ (n hd)1/6
R log*? n

<P hd ||V A An(®) = dn(0)] = sup [B o

) (fﬁfn VARl n () = An (] = sup | (f)"> 3 37 (/6

m( cup g 2D DL B — A

xely ' IVA@)Il & CIVA@I2
¢ log?3n
T3 1B s
yl (nhn) /

+P [ [sup \/nhdI VA 15 [hn(x) = Aa(x)] — sup [B()

xeﬁ,, feﬂi
31 log*?n
73 1B 176
141 (”hn) /
B — A 2, — Ap(x
< 331 -+ P sup nth — P nth
seln IVaa@llz e, IVl
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31 logz/3 n
3 V11/3(”h5)1/6

[ M (¥1() = 2 (W1 ()]
= + P hd
o ( e VTN ()
— sup nhg D:rz(‘l’l(f))_)\n(‘l’l(f))l - C3_1 1£2g2/3}’l
P IV (1 (D)2 3 P (nhdy1/s

=331 + Kn

for some constant c33, where «, is self-explained from the expression and will be considered

7
later. Noting that y; = (lode")l/ 8 and using Lemma 10 in Chen et al. (2017), we have for
some constant ¢34 !

¢y = sup [P (/sup IB(f)| < t) —P | sup IB()| <t
t 7 feF

log”/® n

y11/3(nhz)1/6

S\ 1/8
log’ n
< (c34€31 + 33) (—d) + K.
nh4

= (34C31 + c33y1 + kn

Now we consider the term {rg). Define

BE) - Blfnem) ZNO.21),  BE ... B(fie) = NO, )

and 812 = maxi<;j<N(en) |Ei’j - Z;’j|, where E,i’j is the (i,j)th element of X for k = 1,
2 and i,j=1,...,N(¢,n). Employing Gaussian comparison theorem (Chernozhukov,
Chetverikov, and Kato 2013), there exists some constant c35 such that

¢ 2 < 35613 [max{1, (N(e, n)/812)}12/°.

We next discuss the bound of §1,. Observing that

z;‘J:/[o ]h;d||wn(\lll(fi))||2‘1IIVM‘I'l(J?))IIZ1
,T0

X K(q’l(];i) —x) K (‘I’l(]z) —x) HY|(x) dx

and

%) = fw ]h;duvin(wz(ﬁ*))u;l||vin(wz<7;*))||;1
,T0

) \\/J Y
XK(‘IIZ(f;l) x)K( Z(fél) x)Hfl(x)dx,
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where HY| is defined in (7), we have
12— 2|
< IVAELEDI IV AL DI = (VAL (B2 D15 I VA2 (N1
) — W, () —
X/ h;dK(‘Ill(ﬁ) x)K( l(f,l) x) Hfl(x)dx
[0,0] hu By
+ IVAR O N5 IV (E2 () 15 By
) — ¥, (f) —
o ()
(0,70 ha hy

) — W, (") —
-K (M) K (M) ‘ Hi/l (%) dx.

hy hy

We obtain that Hj; is bounded over [0,7(] because (10) can be further strength-
ened by replacing [0,7*] with [0,7o]. Furthermore, assumption (ii) implies that

f[O,ro] h;dK(‘I’l(,f”;)_x)K(‘Ill(lzq)_x)Hf1 (x) dx is also bounded. On the other hand, under
assumption (ii) and noting that assumption (iv) holds for A, and Xn, we have
RAE

< O(l){hnd/ K(—q’l(ﬁ)_’c)K(—wl(ﬁ)_x)
[0,70] hy hy,
W, (f) — x Vo (ff) —x
() ( )|
+ VAL ()2 — ||V’Xn(‘1’2(ﬁ-*))||2| + VAT LED2 — ”V’)tn(\IlZ(f}*))”ﬂ

<0() {h;d/ K (—‘Pl(fi) — x> -K <—‘I'2(f"*) — x) ‘ dx
[0,70] hn hn

ot [ (0=) (0 o
[0,70] hy, hy
+ VAL ED 2 = VA (B2 (D) 2|
+ IVAL(¥ 1 (D)2 — ||V/):n(‘1’2(J§*))||2|} . (40)

Under assumption (iv), following Theorems 3.1 and 3.2 and (37), we have

VAT 2 — I VAR ()2
< IVA(¥1 () — VAu(E2(F D2 + 1V (¥2(f5) — Vi (¥2(F) 12
< O 1(f) — Y2 ()2 + 170 — 2l pma
< O() Haus(Low, L) + 7n — Al max
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. | log hnl
=0 < nthrz (41)

holds uniformly over i = 1,. .., N(e€, n). It follows from assumption (ii) and (37) that

hy 4 K(—‘I'l(ﬁ) _x) —K<—‘I'2(f"*) _") dx
[0,7¢] hy hy
R AR T
—1,1] hy

= O (f) — ¥2(f)l2/hn

| log hy,|

foralli=1,...,N(e,n). Combing (40), (41) and (42), we obtain that

i ij |log hy|
512 = sup |21] — 221| < C36 )
1<i,j<N(e,n) nhy,

for some constant c36. Immediately,

1/3 d+2
logh N(e,n)y/nh
D +¢D < c35(c36) '/ ( [log nl) log [ ——Y "

i +¢
o nhit+? c36+/|10g hy
oo\ /8
(0] n
+ (c34€31 + €33) < gd ) + K. (43)
nhé

We now consider «,. By the definition of Z, for any f € %, there exist f; € Z and some
constant c3y, not depending on the choices of f and f;, such that

_ 1 v (f) —x 1 () —x\)?
| (M) (M) e
/[o,ro] T UIVAEL (D)2 hy VAL (¥1(f) 2 h

= 63762,

from which we have ||W;(f) — W (f;)||2/hy is small when € is small. On the other hand,
by assumption (ii), there exist some domain D; lies in [—1, 1] and some positive constant

; . _ Y (fi)—Vi(f) Vi (f)—Y1i(f)
c38, not depending on f and f;, such that |[K(t) — K(t + — )| > esgll — Il
for all t € D; using the directional derivative along the particular direction of {¥(f;) —
W (f)}/hy, which excludes the degenerated case of the kernel function taking a constant.
As a consequence,

Jou i (e () (M5
[0,70] ! hy hy,

N 2
:/ {K(t)—K(t—F—‘I’l(fz) ‘I’l(f))} dt
[11] hy,
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N 2
[ (o4 BOZBO)
> 39| W1 (f) — W1 (f)|I3/H2 (44)

for some positive constant c39. Actually, (44) still holds for constant kernel function. Note
that there exists some constant c4o such that

NVA(EL(ED 2 = VA1) 2] < VA1) — VA (¥ ()2
< O Al max ¥ 1 () — W1 ()2
< cgoll¥1(f) — ¥1(H) 2.

Consequently, following assumptions (ii), (iv) and (44) and some basic calculations, we
have

c37ezz/[0 ]hnd{||wn(w1(f>)||;11<( () — )

(5= e

> ca1 VA (W1 (f)) 12K
o] (57
B

—||wn(w1<f)>||21<( 1(f) — )

— VA (F)II5 'K

N 2
=C41||V)\n(‘1’1(fi))”%/ B {K( 1(f)—x>_1<(‘1’1(fz) x)} dx
[0,70] hn i

V() — ?
UV Dl = IV NS | ﬁ"{d%)} -

+ 2IVA(E L) 2{IIVA (T ) 12 — VAL (¥ 1 () 12}

o) e () R () e
[0,70] hy, hy hy

> cpl| W1 (f) — Wi ()3 /M2 — cas| W1 (F) — W1 ()3 /hn

> caal| W1 () — W1 () 13/K2

for some positive constants c41, c42, 43 and cq4, which leads to

1 () — W1 (f)ll2 < (c37¢y) *hae.

Therefore, under assumptions (ii) and (iv), when ||W; (f) — ¥ (f) |2 < (C37CZ41)1/ 2h,€, we
have

Pa(¥1(H) = (1) Rn(E1() — 2a(¥1 ()]
V20 (¥ 1 ()12 V20 (¥ 1 (i) 12
< OM)[IVAR () [12[An (¥ 1 (F) = A (W1 (F)]
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— VAT L) 21An (L)) — A (1 ()] |

< OM{IVAEL(N 12 — IV A (¥ 1)) 2]
| R 1() = 2n(F1 ()] — D (W1 () — An(¥1 ()]}

< O{IVAn(¥1()) = VAR(¥1 () 12 + A (¥1(F) — 2n(¥1 ()]
+ A (W1(H) — An(E1(iD]}

< O (a3 max + 2l max + 1201} ) €15 = W1 (£ l2

< ca5hye

for some constant c45. Immediately,

sup A (¥1(F) — An (W1 ()] < max |An(W1(f) — An (W1 (i)
fez VA (¥1 ()2 1<i<N(e.n) VA (1 ()2

which implies that

+ cy5hpe,

cup ot P D) —Bn O] B (¥1() = (1)
e IV A (e 1) o5 IV A (T ()2

< ca5v/ nh‘#zé.

31 log3/ 8n
6cas (nhy) /3 (i )12
chosen ¢, following assumption (iii) and Remark 1, there exists some constant c4¢ such
that

By setting € = , it is straightforward to show that x, = 0. For such

N(e, n) nhZJr2

364/ 1og hy|

C46

Hence, (43) can be deduced as

log iyl log* n\ /¢ log” n)"/*
0 og*n og’ n
(,f? + C,g) < ¢35(c36) "/ (ca6)?? g++2g + (c34€31 + €33) g_d

nhy nhé

1/6 1/8
log® n log’ n
o (35) "+ (% “

by utilising Remark 3.1.
Employing analogous arguments, we have

1 5 1/6 1 7 1/8
3) 4 _ og n og n
{nZ + §H2 =0 ((nhﬂ“) + < I’lhz ) ) . (46)

Following (38), (45) and (46), we can conclude

1/6 1/8
log® n log’ n
=0 — — . 47
Cn2 ((nthrz) +< nh‘g (47)
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Under assumption (iii), it follows from (33), (34), (35), (47) and Remark 3.1 that

sup [P(,/nhd Haus(L%, L) < t|0,...,0,) — P(/nhd Haus(L,, L,,) < 1)
t
6 1/2 1/8
_0 log® n Y n log® n / n log’ n /
B nhit+? nhi+2 nhd
_0 log’ n Ve n log’ n Ve
B nhi+? nh ’

which implies that
1/6 1/8
~ log’ n log’ n
s o e -asof(22) " (2
using P(L, C Zn @ wi—y) > 1 — a. This completes the proof of Theorem 3.5. [ |
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