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ABSTRACT

Massive data sets pose great challenges to data analysis because of their heterogeneous data structure
and limited computer memory. Jordan et al. (2019, Journal of American Statistical Association) has pro-
posed a communication-efficient surrogate likelihood (CSL) method to solve distributed learning prob-
lems. However, their method cannot be directly applied to quantile regression because the loss
function in quantile regression does not meet the smoothness requirement in CSL method. In this paper,
we extend CSL method so that it is applicable to quantile regression problems. The key idea is to construct
a surrogate loss function which relates to the local data only through subgradients of the loss function.
The alternating direction method of multipliers (ADMM) algorithm is used to address computational
issues caused by the non-smooth loss function. Our theoretical analysis establishes the consistency
and asymptotic normality for the proposed method. Simulation studies and applications to real data

show that our method works well.
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1. Introduction

Massive data sets not only increase demand for data storage
and computer performance, but also pose challenges to the exist-
ing statistical theory and computational methodology. In massive
data analysis, the size of the data is so large that they often have
to be stored in multiple machines, where each contains a subset
of the data which can be of big size on its own right. In such situ-
ations, both the computational efficiency of statistical processing
and the cost of communication between machines are of critical
importance. In attempts to solve the problem, recent methodolog-
ical developments in statistics have mainly focused on sub-
sampling based methods [1,2] and divide-and-conquer (DC) or
the one-shot methods [3-11]. DC has become popular for analyz-
ing massive data because it is fast to compute and easy to imple-
ment. The key idea of DC is to first conduct statistical inference
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on each local machine separately and then aggregate the results
from each subset to produce a final solution. One advantage of
DC methods is that only one round of communication between
machines is needed and the communication cost is therefore sig-
nificantly reduced. However, as discussed in [12], DC methods
are essentially average-based and have several drawbacks. For
example, to achieve the minimax convergence rate, the number
of subsets or machines where the data are stored can not be too
large [10]. Particularly in cases where the goal is to estimate some
unknown coefficients in a non-linear model, most of these DC
methods can only improve estimate efficiency slightly in compar-
ison with local estimates, and their estimation accuracy deterio-
rates as the number of machines/subsets gets small. More
recently, Wang et al. [13] and Jordan et al. [12] have proposed a
communication-efficient surrogate likelihood (CSL) procedure to
solve this distributed statistical learning problem. The approach
in [13] is designed for high-dimensional linear models, while the
approach in [12] is more flexible and is applicable in different set-
tings such as M-estimation, high-dimensional regularized estima-
tion and Bayesian inference [14-17]. CSL approach is appealing
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because it is communication cost effective as it only needs to
exchange the gradients of local data. Furthermore, it has been
shown that CSL approach is as efficient as the traditional likelihood
method on entire dataset. Although CSL has many attractive prop-
erties, it can not be directly applied to quantile regression (QR)
problems for the following reasons. Theoretically speaking, CSL
assumes that the loss function has strong convexity and has
Lipschitz-continuous second order derivatives. The loss function
in QR problems, however, is non-smooth. Therefore, it is unclear
whether those theoretical properties of CSL still hold in the context
of QR. Numerically speaking, the commonly used Newton algo-
rithm cannot be used to calculate the final solution in QR.

In this paper, we extend CSL to quantile regression by con-
structing a communication efficient surrogate loss function. As in
[12], we first set one machine as the master machine and calculate
the subgradients of quantile loss functions on each machine using
the current values of parameters. Then we transfer these updated
subgradients to the master machine to form a global subgradient
and update the surrogate loss function as well as the parameter
estimates via solving the surrogate loss function on the master
machine. Our extension of [12] to QR problems is nontrivial,
because replacing the smooth loss function in [12] by a non-
smooth one fundamentally alters the theoretical analysis and
raises significant computational issues. We develop the theory by
adapting the results from M-estimation and convex processes.
We prove the consistency and asymptotic normality for our
method. To address the computational challenges, we apply the
alternating direction method of multipliers (ADMM) algorithm
[18] to obtain the final solution on the master machine. As pointed
out in [19], ADMM is well suited for distributed convex optimiza-
tion in large-scale problems.

There are several existing approaches for large-scale QR prob-
lems. For instance, Yang et al. [20,21] have proposed well-
conditioned bases and subspace preserving sampling algorithms
(SPC). There are two drawbacks with SPC methods. First, large stor-
age space is needed for performing subsampling. It increases the
required amount of primary memory. Second, only a part of the
entire dataset are utilized. This results in loss of efficiency of their
estimates. Xu et al. [22] have developed a block average quantile
regression (BAQR) by taking average of the estimators obtained
from each local machine using the standard quantile regression
method. They have demonstrated through simulation studies that
BAQR performs better than SPC methods in terms of predictive
accuracy. BAQR still suffers from the aforementioned loss of effi-
ciency, as with DC methods. In comparison, our method reduces
such loss of efficiency by borrowing the strengths of CSL on effi-
cient communication between local machines. Our numerical com-
parison with BAQR shows that our proposed method outperforms
BAQR in terms of prediction accuracy. Furthermore, the proposed
method performs almost as well as the oracle method (i.e., the
standard quantile regression based on the entire dataset). Chen
et al. [23,24] have proposed using smoothing approximation to
the QR loss and then applying communication efficient Newton
type methods to solve the corresponding minimization. In both
[23,24] restrictions on the number of machines derived in [12]
have been reduced. Here, in our paper we treat the nonsmooth
QR loss directly without smoothing approximations. Wang and
Lian [25] considered Lasso penalized QR models in high dimen-
sions with p > n, while Chen et al. [23] and our paper focus on
p < n cases without penalty.

The rest of this paper is organized as follows. Communication-
efficient distributed quantile regression is introduced in Section 2.
In Section 3, ADMM algorithm is extended to solve the correspond-
ing non-smooth optimization problem. We discuss the asymptotic
properties of our proposed method in Section 4. Section 5 evaluates
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the finite-sample performance of the proposed method by simula-
tion studies. Applications to real-world data are given in Section 6.
Section 7 concludes the article. The theoretical proofs are outlined
in the Appendix.

2. Distributed quantile regression for massive data

Compared with mean-based regression, quantile regression
(QR) [26] provides a more accurate portrayal of the complex asso-
ciation between a response variable Y and covariates

X=(x,... 7xp)T. Instead of modeling the conditional mean
E(Y|x), QR models the whole conditional distribution of Y. Consider
the following linear quantile regression model,

Q:(Y[x) =X"Bo(7), (1)

where Q. (Y|x)is the conditional t-th quantile function of response
Y, and B,(7) is a vector of regression coefficients depending on a
specified quantile level T with t € (0,1). Suppose that there are N
sion, we suppress the argument 7 in ,(7) and denote them by B, in
the following. The estimates of B, can be obtained by solving the
following optimization problem,

N

By = arg min,,EWZPT i —x{B),

i=1

(2)

where p_(u) = u(t — Ijy<0y) is a check function and I(-) is the indica-
tor function.

Consider the scenario that N is very large, where the solving of
(2) is infeasible on a single machine. Assume that the data are dis-
tributed among K machines. For simplicity, we suppose that every
machine holds the same sample size n,i.e. N=nK.Fork=1,... K,
the sample on the k-th machine My is

{yki,xki = (xk,-],...,xk,-p)T., i= 1,...,11}. For k=1,...,K, define

] n
L(B) = EZPT (Vi — Xy:B)
P

and
1 1E
Tn(p) = sz‘[ vi—x{p) = Rsz(ﬁ)
i1 k=1

to be the local and global QR loss functions, respectively. Without of
loss of generality, we set the first machine as the master machine.
Since the loss functions are not smooth as required by the CSL
method, we define the surrogate loss function by replacing the gra-
dient in [12] with a subgradient as follows,

L(B) = Li(B) + (VTn(8°) — VLi (§°), B), (3)

where g° is any reasonable initial estimator of g, (-,-) denotes the
inner product, and Vis the subgradient. After some algebra, we have

o {iZﬂf(yn —x;.;;)] _ 1

i=1

VLi(B)

n
lei% (1i = X{iB).
i=1

N
> X (vi — X[ ),

i=

N
VTn(B) = 5 {% d P vi—x[p)| =4
i=1

—_

where ‘//r(u) = vpr(u) = TI{u>0} =+ (‘C - 1)I{u<0) + C’I{u:O)- for any
tet—-1,1].

The estimator of g, can be obtained by minimizing the surro-
gate loss function on the master machine, which is defined as

(4)

BN = arg Mingeps z(/f).
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3. Algorithm

For simplicity, let X" = (Xq1,...,X3,)" and yO = (y11, ..., V1) "
be the design matrix and the response vector on the first machine
1, respectively. Define r =y — XVg and Q.(r) =n'S1, p,(r1),
where r;(i=1,...,n) is the i-th element of r. According to [12],
solving (4) is equivalent to solving the following problem with lin-
ear constraint,

n}iran(r) +g"B, subjectto XVp4+r=yD, (5)
where g = VTy(p°) — VL (§°).

Noting that Q.(r) is not smooth at zero, the solution of (5) can-
not be obtained by the Newton-Ralphson algorithm. To address
this problem, we resort to the ADMM algorithm [19]. We first
define the augmented Lagrangian function of (5) as follows,

9,(B.1.0) = Q:(r) + g+ (0,X"p+r—y")

ey, ©

where 7 > 0 is a fixed constant and 6 € R" is the Lagrange multi-
plier. As a result, we arrive at the iteration for the standard ADMM
algorithm as follows,
ﬁm+1 = arg minﬁ¢/ﬂ(ﬁ7rm7 0m)7
r™! = arg ming¢, ("', r,0™),

0" = 0" 4 A(X VBT et -y,

(7)

where (™, r™ ™) denotes the m-th iteration of the algorithm.
Specifically, ™! has the following closed solution as

gt — <X<1>TX<1>>’1 [X(”T(y“’ -1 —0"/i) - g/),].

r"+1 also has a closed-form solution and can be implemented
component-wise. Namely, fori=1,...,n, we have

™1 = arg min,, {%pr(n) +0'r; + % (X 8™ + 1 —yl,)z}
1.\’ 1
ri— (yl, — X - 70{“) Prox,, <y1, — X[ g™~ 7(),’",71/'.).

where the proximal mapping operator Prox,_(-,-) is given in [27] as
follows,

).

. n
= arg min, {p,(r() + >

9)

o

5 (=27
:max(é—%O) — max <—é—%,0>.

We summarize the above iterative procedure performed on the
master machine in Algorithm 1.

Prox,_ (¢, o) := arg mineg [pf(u) +

Algorithm 1. QR-ADMM (QA).

Input: Data {y;, Xy, k=1, - ,K,i

A>0and 7 >0.
Initialize the algorithm with (ﬂo,ro,()O) =(0,0,0) and
the maximum number of iterations M (M = 1000 by
default); set m = 0.
form=0,1,2,... M—1do

until the convergence criterion is met.

Update ™! via (8).

Update r™*+1 via (9).

Update 6™ via (7).

1,---,n}; constants
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end for
Output: (¥, 1M, oM).

In what follows, the communication-efficient distributed esti-
mation is outlined in Algorithm 2.

Algorithm 2. Distributed algorithm for QR.

Input: Constants A > 0 and 7 > 0. The number of rounds
of communication B = B(K), which is allowed to
increase logarithmically with the total number of

machines.
Initialize (/fo,roﬂo) = (B, M, 0M) via Algorithm1 by
setting g = 0.

forb=0,1,2,...,B—1do

Broadcast the current values g° to local machines
Mo, ... MK

Calculate the sub-gradient VL ([3”) at local
machines .#,, k=1,...,K;

Reduce VL (ﬁb)(k =1,...,K) to the master
machine .#; to calculate the current value of g as
gb =VTy (ﬂ”) — VI, (ﬁ”) and update the augmented
Lagrangian function gbf{(/i, z,0) by replacing g with gb
in (6);

Update (pP+1, rb+1 ¢°+1) via Algorithm 1 at the

master machine .#;.
end for

Output: g? is regarded as the estimate of EN in (4).

4. Asymptotic properties

In this section, we present the theoretical properties of the pro-

posed estimator I}N. We begin by introducing the regular condi-
tions. Here B, is the true parameter.

C1 The parameter space % is a compact subset of R?, and g, is an
inner point of 4.
C2 B, is the unique minimizer of the objective function
E{p.(Y —X")}.
C3 The conditional distribution function F;(y) = P(Y < y|x;) is
absolutely continuous in y. The corresponding conditional den-
sity f;(-) is uniformly bounded away from 0 and ~oat each con-
ditional 7-th quantile & = Q. (Y|x;) = X/ .
C4 For k=1,...,K, there exists positive definite matrices X,
and X; such that

(i) lim n T XXy = Zo,

(if) lim n"57E fi(&)XaXy; = X1, where & = X{ o,

(iif) max [IXxill, /v — O,

where |||, is the L, norm, and the above convergence is almost
everywhere. Note that the conditions C1-C4 are common in stan-
dard quantile regression [28], and the condition C4 is the technical
condition, with (i) and (ii) being used in [22]. The following theo-
rems show the consistency and asymptotic normality of the pro-
posed estimators. Unless otherwise stated, all the limits are
taken as N — oo.
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Fig. 1. Boxplots of various methods on simulated data for K € {20, 50,80} and ¢ = 0 (the homogeneous case).

Theorem 1. Under conditions C1-C4, we have By converges weakly where D =Kt(1 —17) + (K — 1){Var(y.(&)) — 2Cov(y(&), Y= (&)},
to Bo. &=y —x B° &=y, —x] B, and - represents convergence in distri-
bution. &; and ¢&; represent the residuals corresponding to the i-th obser-
vation value calculated with the initial value of any parameter and the

Theorem 2. Under conditions C3 and C4, we have .
real value of the parameter, respectively.

VN (BN — po> 4 N(o, Dz;‘zoz;l), (10)
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Fig. 2. Boxplots of various methods on simulated data for K € {20, 50,80} and ¢ = x,;; (the heterogeneous case).
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Remark 1. If the initial value f° satisfies ||° — By, = 0p(n"'/2),
then we can prove that D = t(1 — 7). Therefore, the limiting distri-

bution of EN in (10) is the same as that of the global QR estimator
Bn based on the whole dataset. Generally, the initial value g° can
be obtained from the first machine and satisfies
18° — Boll, = Op(n~1/2). This means that our proposed estimator is
asymptotically unbiased and applicable.

5. Numerical examples

We present numerical examples to illustrate the finite sample
performance of the proposed method. All the experiments are per-
formed in MATLAB R2010b on a laptop with a quad-core Intel Core
i5 (2.60 GHz) CPU and 8 GB of RAM running 64-bit Windows 8.1.
We compare the performance of the proposed method (Proposed)
with other two approaches. The first one is referred to as the oracle
approach (Oracle), which implements the standard quantile
regression on the entire dataset. The second one is the
averaging-based one-shot communication approach (OneShot),
which is also known as the BAQR method in [22].

The data are generated from

Vi =Xubo+ (1+0)ew, k=1,....K, i=1,...n,

where the elements of g, are generated from U[-3, 3]. We consider
two kinds of ¢:0 =0 for homogeneous data and ¢ = x,;; for
heterogeneous data, where x,;; denotes the first element of x.
The p-dimensional covariates x;; are generated from a multivariate
normal distribution N,(0,%), with £ = (%), . where %; = 0.5V,
We generate the error € from three different distributions: the stan-
dard normal distribution N(0, 1), the t distribution with 1 degree of
freedom t(1), and the chi-squared distribution with 2 degrees of
freedom y?(2). These three distributions represent a symmetric thin
tail distribution, a symmetric thick tail distribution and an asym-
metric distribution, respectively. We perform 100 simulations for
each setting. We consider two cases of the sample size: the medium
sample size and the large scale one.

5.1. Medium sample size case

Set the total sample size N = 8000 and the covariate dimension
p = 30. The number of machines is set to be K € {20, 50, 80}. Then,
n = |[N/K] is the sample size on each machine, where |a| denotes
the integer part of a positive number a. For quantile regression,
we consider three different values of 7:0.25,0.5 and 0.75. We
compare the performance of the aforementioned different meth-

ods in terms of the estimation error defined as ||B® — Bo||,. Figs. 1
and 2 show the boxplots of the estimation error for homogeneous
(0 = 0) and heterogeneous (o = x;;1) data, respectively. Figs. 3 and
4 show the change of the estimation error with the rounds of com-
munication for homogeneous and heterogeneous data, respec-
tively. From Figs. 1 and 2, we make the following observations.
The performance of our proposed method is very close to that of
the Oracle method. In the OneShot method, the estimation error
increases with the number of machines, but the estimation error
of our proposed method is very robust to the number of machines.
When o = 0, the OneShot method performs the worst with the lar-
gest estimation error in most settings, especially when the distri-
bution of € is symmetric (e.g. N(0,1) and t(1)). For heterogeneous
(0 = xi1) data, both our method and the Oracle method perform
much better than the OneShot method.

From Figs. 3 and 4, we observe that the proposed method con-
verges quickly and it clearly performs much better than the One-
Shot method after a few rounds of communication. On average,
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our proposed method only needs about 80 rounds of communica-
tion to reach the level close to the Oracle method. To reach the
level close to the Oracle method, our method needs more rounds
of communication for heterogeneous data than for the homoge-
neous data.

5.2. Large scale case

Set the total sample size N =50,000, the dimension
p € {100, 150}, and the number of machines
K € {5,10,20,50, 80,100,200}. We fix the quantile level T = 0.25
to compare the Proposed method with the OneShot method. All
simulation results are based on 100 independent replications.

To compare the performance of two solvers, we use the average
estimation error (AEE) over 100 independent repetitions defined as

100

100" (B9 — Bll,.-
s=1

The change of AEE of our method and the Oneshot method to
the machine number K is shown in Fig. 5.

From Fig. 5, we observe that in the case of homogeneous data, if
the number of machines is less than 50, our proposed method is
comparable to the OneShot method. With increasingly larger K,
our approach significantly outperforms the OneShot method. For
heterogeneous data, even if the number of machines is small, our
method outperforms the OneShot method with smaller AEEs. In
addition, the AEEs of the OneShot method increase with increasing
K, whereas those of our method are more stable with respect to K.

6. Application to real-world data

We illustrate our proposed method via two real data examples.
We compare the proposed method with the Oracle and OneShot
methods via cross-validation. To this end, we partition N samples
100 times. In each partition, we randomly select 2 /3 of the N samples
as the training dataset and use the remaining as the test dataset. For
all three methods, we compute the estimation coefficients using the
training dataset Dy, and then calculate the prediction error (PE)
based on the test dataset D, where PE is defined as
Y iebee Pr Vi — ¥i) [29]. We set the quantilelevel T € {0.25,0.5,0.75}.

6.1. Analysis of wine quality data

We apply the proposed method to the wine quality data, which
consists of two datasets, namely, red and white vinho verde wine
samples from the north of Portugal. The datasets are available from
the UCI Machine Learning Repository '. The goal is to model the wine
quality based on physicochemical tests (cf., e.g., [30]). We focus on
the white wine dataset, since it contains a larger number of samples.
This dataset contains 4898 samples and 12 attribute variables,
where the latter includes 11 physicochemical (explanatory) vari-
ables and one sensory (response) variable. Thus, the total sample
size is N = 4898, and the dimensionality is p = 11. In the wine qual-
ity dataset, the score of response variable quality ranges from 3 to 9;
the greater the score is, the better the wine quality. We transform
the response variable into the natural logarithm form but use the
original explanatory variables rather than their logarithms. The
names of the explanatory variables and the corresponding explana-
tions are listed in Table 1.

Set K=31 and 62. Then the local sample size are
n = |N/K] =158 and 79, respectively. We use the 11 explanatory
variables to predict the wine quality. The results are summarized

! The repository’s website is located athttps://archive.ics.uci.edu/ml/datasets/Wine
+Quality
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Fig. 3. Comparison of three methods in terms of estimation errors for K € {20, 50,80} and ¢ = 0 (the homogeneous case) with 3 error distributions.

in Fig. 6. From Fig. 6, we observe clearly that at quantile T = 0.5, all
the three methods are comparable.

6.2. Analysis of remote sensing data

The second example is a collection of geographic characteris-
tics of Xuchang city in China, which contains 18,301 samples (ob-

255

servations) and 30 attribute variables. All the attribute variables
are continuous. The response variable is the sandy land type
named as “LengthWidth”. The remaining 29 variables are predic-
tors. Explanatory analysis shows that the distribution of
“LengthWidth” is non-normal, therefore, the quantile regression
approach may be more attractive than other methods in analyz-
ing this data.



A. Hu, Y. Jiao, Y. Liu et al.

Estimation Error

Estimation Error

Estimation Error

The sizes of the training data and the test data are 12,000 and
6301, respectively. We set the number of machines K € {40, 80}.
Simulation results for the quantile levels T =0.25,0.5 and 0.75
are shown in Fig. 7. From Fig. 7, we see that the PEs for each of
the three considered methods are smaller when K = 40 than those
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Fig. 4. Comparison of three methods in terms of estimation errors for K € {20,50,80} and ¢ = x,;; (the heterogeneous case) with 3 error distributions.
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when K = 80. This is because the loss incurred by the partition data
is larger as K increases. Our proposed method has smaller PEs than
the OneShot method and is comparable to the Oracle method.
These results indicate that, compared with the OneShot method,
our proposed method is more precise and stable.
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Table 1
Variable names and corresponding explanations for the wine quality data.
Name Explanation
fixed.acidity Most acids involved with wine or fixed or nonvolatile (do not evaporate readily)
volatile.acidity Refers to the steam distillable acids present in wine
citric.acid A weak organic acid that has the chemical formula CsHgO-

residual.sugar
chlorides
free.sulfur.dioxide
total.sulfur.dioxide
density

pH

sulphates

alcohol

quality

Refers to any natural grape sugars that are leftover after fermentation ceases

A compound of chlorine with another element or group especially: a salt or ester of hydrochloric acid

A measure of the amount of SO, that is not bound to other molecules

A measure of both the free and bound forms of SO,

The mass per unit volume of wine or must at 20°C

A scale used to specify how acidic or basic a water-based solution is

A chemical formed from sulphur, oxygen, and another element

An organic substance formed when a hydroxyl group is substituted for a hydrogen atom in a hydrocarbon

Score between 3 and 9

To further evaluate the

influence of K on PE, we set

K € {5,10,20,50,80,100,200}. Fig. 8 shows the comparison of
average PE over 100 repetitions for T = 0.25,0.5 and 0.75. We
can see in Fig. 8 that the Xuchang dataset is obviously heteroge-
neous. With increasing K, the average PE of both our method and
the OneShot method increases.

However, the PE obtained by our method increases steadily
with a lower rate while the PE of the OneShot method increases
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sharply, which further shows that our method is more accurate
and stable than the OneShot method, especially for heterogeneous
data.

7. Conclusions

For massive datasets, partition of data across multiple machines
is the only practical way to overcome the limitation of storage and
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Fig. 7. Boxplots of PE for all methods using cross validation based on 100 random partitions of the remote sensing data.

computer memory. In this paper, we extend the CSL method in [12]
to distributed quantile regression. Inspired by the idea of CSL, we
proposed a communicate-efficient surrogate loss function to
approximate the global loss function that uses all samples and
obtain the estimate by minimizing the surrogate loss function at
the master machine. At each iteration, only the subgradient of loss
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function at each local machine needs to be transferred to the mas-
ter machine. Since the target loss function in quantile regression
does not satisfy the smoothness assumption in CSL, the existing
theoretical analysis and computing algorithms can not handle
the problem properly. In our extension, we make use of convex
process theory to establish the consistency of the proposed estima-
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Fig. 8. The average prediction errors (PE) of all methods for K € {5, 10, 20, 50, 80, 100, 200} based on the remote sensing data.

tor. We also show that our distributed estimator has the same
asymptotic distribution as the oracle estimate, which is based on
the entire dataset. To address computational issues, we utilize
ADMM to solve the non-smooth optimization problem. Simulation
studies show that our proposed method is more accurate and
stable than the OneShot method, especially in cases where the data
are heterogeneous.

It is worth mentioning that the implementation of our proposed
Algorithm 2 can be further improved in several ways. For example,
at each iteration of the ADMM algorithm, we have to update the
subgradient on each machine before the iteration can be com-
pleted, therefore the total computation speed is limited by the
slowest computing machine. The asynchronous version of ADMM
algorithm suggested by Zhang and Kwok [31] is helpful in address-
ing this limitation. In addition, splitting data along sample size and
dimension directions (e.g., [32]) can be useful in extending our
method to cases where the data is both large in size and high in
dimension.
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Appendix A. Proofs
A.1. Proof of Theorem 1

We compute the negative subgradient of the objective function
i(ﬂ) defined in (3) as
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Wy (B) := ~VL(B) = ~VLi (B) + VL (8°) — VTw(8)
= —wa Vi — X3:B) — me Vi — X3;8°)
N;;&Ilﬁf (v —xi8°)
- %;{wz (v1i — X{iB) = Xuabe (1 — X7°) KZWT (T )}A
Denote

‘P(I}) =E |:X1ilp’f (yli - x;riﬁ) - xlilp’[ (ylx Xhﬁ K ijll/’1 (ij - jl >:| .

Then we obtain
W (Bo) = E(Xaith: (Vi — X{io))

Because B, is the solution of W(), it is in the interior of a com-

=0.

pact parameter space #%. Therefore, the consistency of ﬁN is the
direct conclusion of Theorem 5.9 in [33], which can be shown by
verifying the following two conditions.

(@) sup||¥.(B) — ¥(B)|, >0, where “denotes converge in
peB

probability.

(b) inf
B:d(B.Bo) =€

dean distance function and € is any positive constant.

I¥(B)ll, > 0 = ['¥(Bo)ll,, where d(.-) is the Eucli-
We first verify that condition (a) holds. Define

g Xi, B) = X1, (Yn = X;B) — Xiitho (V1i — X{;8°)
<ijlwf (yjl - _)l )

It is continuous with a probability of one at each g by condition
C3. In addition,
g (vi, Xi, B)ll, < h(x),

where h(x) = 2|[Xiill, + £ 3°f;||Xi||,- Under condition C4, we have

E[lh(X)|, < oo. Together with condition C1, it leads to the conclusion

that condition (a) holds in accordance with Theorem 2 in [34].
Below, we verify that condition (b) holds. Note that

Y(B) = E[Xuith- (y1i — X1:8) ]

is a continuous function with respect to g under condition C3. By
combining conditions C1 and C2, the above condition (b) is verified
(see Problem 5.27 in [33]). This completes the proof of Theorem 1.

A.2. Proof of Theorem 2
For & € R, define
Zn(8) = Z(ﬁo + 5/\/N>
=L (Bo+8/VN) = (o +8/VN, VL1 (B°) = VT (8))
1 n
=5 Zﬂr (Sn - X1Tf5/m)

~ (B0 +3/VN) [VLi(F) - VTu(8°)],

where &; = y;; — X{;B,. Function Zy(6) is convex with respect to &

and is minimized at &y — \/N([Nfoﬁ(,). Furthermore, we have

3y = argminZ\"(3), where
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Z‘N“w):ﬁ{] [P (o1 = x13/VN) = po(e)] + ﬁ{%ixﬂf‘v« &) WZX 2 H
&=y, —x;° and & =y, — x] g°. Following [35], it can be

shown that the limiting distribution of (NSN is determined by the lim-
iting behavior of function Z}V”(é). Using Knight's identity

pelu = v) = po(u) = — vy (w) + / T <9~ I(u < 0))ds,

and letting v; = \/LNXLJ, we rewrite

Z\)(8) = Zin(6) + Zan(9)
] n N
T @ el
+ ﬁ;xli&pr(gll - \/— ; alp‘c 81 :|
where
n
Zyn(0) = \/ﬁzxnﬁlﬁr &1i),
n
Zon(0 ‘/FZ Jo (e < s)—1(e1i < 0))ds = Zzzm

Using conditions C3 and C4, according to the Lindeberg-Feller

central limit theorem, we obtain Zy(3)-%—0"W, where
W ~ N(0,7(1 — 7)%p). Now, we write the second term as

Zon(o ZEZm +Z<sz ZEZZN‘ )

Under condition C4 (ii), we have

ZEZZNi( = +/Nn-— Z/ s
i1
nN i+ t/VN dt
Na Z/ Fi(4+t/VN) = F(@)
1 18 xid .
:Wﬁ;/o fi(étdt +o(1)
Pl T
:Wﬁ;fi(gi)a X1,-x”5+0( )_’Tjﬁ 215

almost surely. On the other hand, under condition C4 (iii),

ZVar (Zoni(0 ZE[ZZNI

—max|x 6|ZEZZN,

n 1<ign

Var ZzN

It follows that
Zin(0) + Zon(o g - 7ZXT51//T u;) T j‘stl
where £ indicates that it has the same distribution on both sides.
Consequently,

n N
Z0( iffzx,,alp (&11) TjaTzﬂw ;xﬁéwr(é”)—ﬁ g Lo (&)
—5 Ly <slv>+—2xl PRCHINLENE SSRES] SRR P
\/ﬁi:]l’ll iYr\eli \/Rmi:]lzl \/1?2
757{—2:441—%} 7557215
where
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- d
&=25 Xup(e1)=N(0,7(1 - 7)),
i1
n= \/‘lexl//r &1i)s Z iV (&),
i1

Var(yj) = Var (\iﬁ Zx“w{(éu)>

N

= %ZXHVHF(%(%))XE — Var(y (€))Zo.-

i=1

Under conditions C3 and C4, by the Lindeberg-Feller central
limit theorem, we have

(. ¢") SNO0,Q),

where the symmetry matrix Q = {Q;

,J}Ku.<3 satisfies

Qn = T(] — 'L')Eo,

In addition,

Qyy = Q33 = Var(y.(€))Zo

COV(& 'l 1ZX11COV 'p‘[(ell) l//r(Su))Xu—’COV(%( ) .p‘[( ))ZO = Q217

i=1
—=Cov (Zx,n/q leil//r(gli))
i=1

1 _
\/_I?COV(l//r(Ei)v l//f(Ei))

%Rvar(lllf(éj))f;o = Q3.

Cov(, &) =

(8],‘)))(;2- — 20 = Qg].

1 1< -
v EleiCov(xI/,(En% Ve
i=1

Similarly, we have Cov(¢, ) —
Then, we obtain

1
*§+7I*WC

where oy = (—Ipxp,l,,xp, —}FKIPX,,). Hence, we obtain

1 11
(9) {—é+n—\/—RC}+W§6T215iZO(5)
_ 5TW0 + — \/_ 25TZ16

where Wy ~ N(0,DX,/K). The convexity of the limiting objective
function Zy(d) assures the uniqueness of the minimizer. Conse-
quently, by computing the derivative of Zy(6) with respect to §,
we obtain the minimizer, given by

—VKZ, "W
Immediately, we obtain
50> N(0,Dx;" %05 ).
Therefore,
\/N(ZfN - ﬂo) = argminZy(s) = argminZ\" (8) = x50,
= argminZy(9),

which completes the proof of Theorem 2 by asymptotics for mini-
mizers of the convex processes.
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