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Abstract The seminal Cox’s proportional intensity model with multiplicative frailty is a popular
approach to analyzing the frequently encountered recurrent event data in scientific studies. In the case
of violating the proportional intensity assumption, the additive intensity model is a useful alternative.
Both the additive and proportional intensity models provide two principal frameworks for studying
the association between the risk factors and the disease recurrences. However, methodology devel-
opment on the additive intensity model with frailty is lacking, although would be valuable. In this
paper, we propose an additive intensity model with additive frailty to formulate the effects of possibly
time-dependent covariates on recurrent events as well as to evaluate the intra-class dependence within
recurrent events which is captured by the frailty variable. The asymptotic properties for both the re-
gression parameters and the association parameters in frailty distribution are established. Furthermore,
we also investigate the large-sample properties of the estimator for the cumulative baseline intensity
function.
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1 Introduction

Since the fundamental paper of Andersen and Gill [1], the proportional intensity model has
been the popular choice for the regression analysis of recurrent event data. Let N*(¢) denote
the number of events that the subject has experienced by time ¢, and let Z(t) be a vector
of possibly time-dependent covariates. The proportional intensity model specifies that the

intensity function for N*(t) associated with Z(¢) takes the form
A(t|Z(s),s < 1) = Ag(t)e? 2, (1.1)

where A\g(+) is an unspecified baseline intensity function and (3 is a vector of unknown regression
parameters. In this model, the risks that are induced by the covariates are relative to the
baseline Ag(-). Elegant martingale method was adopted by Andersen and Gill [1] to drive the
large-sample properties for 5 and Ag(t) = fot Ao(u)du.

In some case, however, it may be more appropriate to use the additive intensity model (Lin

and Ying [2]; McKeague and Sasieni [3]). In this model the intensity function for N*(t) is
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related to a vector of covariates Z(t) through
AtlZ(s),s < t) = Xo(t) + BT Z(1), (1.2)

where Ag(+) is again an unspecified baseline function. Thus, in this model the risks that are
induced by the covariates are excess risks. Lin and Ying [2] derived a large-sample theory
paralleling the martingale method developed by Andersen and Gill [1].

It should be noted that methodology development on both models (1.1) and (1.2) always
implies that the occurrence of an event is independent of any earlier events that occurred to
the same subject and usually ignores the intra-class correlation among the same subjects when
estimating the covariate effects. When one is interested in the dependence of the recurrent event
times within the same subject, a useful approach to accommodating it is to incorporate a frailty
or random effect into the considered model. In particular, as an extension of the model (1.1),

the conditional intensity model is related to a vector of covariates Z(t) and a frailty £ through
At Z(s),s < t:€) = Exg(t)e? 2D, (1.3)

where £ is an unobserved frailty representing the intra-class correlation among the recurrent
events occurring on the same subject. The presence of frailty poses considerable challenges in
statistical inference. This model has been extensively investigated by Nielsen et al. [4] and
Oakes [5]. The rigorous asymptotic theory has been established for the special case of gamma
frailty without covariates by Murphy [6, 7] and with covariates by Parner [8], respectively. The
other choices of frailties such as positive stable distribution are also discussed by Hougaard [9].
Recently, Zeng and Lin [10] proposed a broad class of intensity models with random effects
and studied the nonparametric maximum likelihood estimators for parameters of these models
based on empirical processes theory.

Despite the progress achieved in the proportional intensity model with frailty, methodology
developed on the additive intensity model with frailty is lacking although would be valuable.
Pipper and Martinussen [11] proposed marginal additive hazards model with parametric shared
frailty, which multiplicatively affects the baseline hazard function and regression function, for
analyzing the clustered survival data.

An alternative way to construct frailty model with additive intensity function is through
what we call additive frailty, which assumes that the frailty is added, instead of multiplied,
to the intensity function. In this article, we propose the statistical inference for the additive
intensity model (1.2) which accommodates the dependence of the recurrent event times within
the same subject by introducing an unobserved additive frailty variable denoted by £&. To be

specific, the additive intensity model with additive frailty takes the following form:
At Z(s), X(s),s <€) = Xo(t) + BT Z(t) + 7 X (1), (1.4)

where  is a set of unknown regression parameters, £ is the frailty variable with density function
@(&;7) indexed by parameter v, Ag(-) is a completely unspecified baseline function, Z and X
are the possibly time-dependent p-vector and g-vector covariate processes, associated with fixed

and random effects, respectively. Usually, the covariates X may contain 1 and part of Z. In
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addition, note that the proposed model (1.4) is different from the partly parametric version
of Aalen’s additive model studied by McKeague and Sasieni [3] in which the influence of some
covariates varies nonparametrically over time and that of the remaining is constant across time.

In Section 2, we describe the inference procedures for # and Ag, where § = (87,47)7.
Section 3 studies the large-sample properties for the derived estimators with proofs relegated

to Section 4. Some remarks are provided in Section 5.

2 Inference Procedures

In most applications, individual in the study cohort is subject to censoring, and let C' be the
censoring time. Define N(¢t) = N*(t A C) and Y (t) = I(C > t), where a A b = min(a,b)
and I(-) is the indicator function. Assume that the censoring is conditionally on frailty vari-
able ¢ and the covariate processes Z and X is non-informative on 6 (Andersen et al. [12]).
Let 7 denote the duration of the study. For a random sample of n subjects, we assume that
{N;(),Y:(0), Z:(+), Xi(+), &} (i = 1,...,n) are independent and identically distributed. We in-
tend to utilize the observable data {N;(-),Y:(:), Z;(-), Xi(:)} (¢ = 1,...,n) to make inference
about 6 and Ag(t).
Let the observed data filtration be

Fi = c{N;(s),Yi(s), Zi(s), Xi(s) :i=1,...,n,0 < s < t},
and the full data filtration be
Gt = o{Ni(s),Yi(s), Zi(s), Xi(s),& :i=1,...,n,0 < s < t}.

It follows from model (1.4) that the intensity function for counting process N;(t) associated
with G-filtration is Y;(¢)A(t|Z;(s), Xi(s), s < t;&;), where

At Zi(s), Xi(s), s < ;&) = Xo(t) + BT Zi(t) + & X, (1),

and then by innovative theorem (Andersen et al. [12]), the intensity function for N;(t) associated
with observed Fi-filtration is Y;(¢)A(¢|Zi(s), Xi(s), s < t), where

Nt|Zi(s), Xi(s),s < ) = Xo(t) + BT Zi(t) + E(&|Fem) T Xi(2).

To compute the conditional expectation F(&;|F;—), we derive the observed likelihood based
on the observed data {N;(-),Y;(:), Z;(-), Xi(-)} (i = 1,...,n) as follows:

L6 2) = H{ / TT (Vi) o) + 57 Zu(u) + €7 X))} 2

i=1 u<‘r
xexp{ / Y; (u) Ao (u du—ﬁT/ Y;(u du—gT/ Y;(u )Xi(u)du}
0
x ¢(&;v)d€ }
Thus, combing Bayesian rule and some simple calculations, we have

E(&|F-)
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_ Je €Tz {Yalw) Qo) + 87 Zi(w) + €7 Xu(w) ) exp (67X (1)} (657

Je e {Yiu )( ( ) 07 Zilu) + €7 Xi ()} exp {~€TX(0)} 985 7)d
B fgfexp{fot_ log {Xo(u) + BT Zi(u) + €7 X;(u) } dN;(u) — E7X(t) (&5 7)dE
 Jeexp{fy log Do(u) + BT Zi(u) + €7 X;(u)} dN; (u) — E7X (1) b (&5 7)dE

where AN;(u) denotes the jump of N; at u and X,(t) = fh Y;(u)X;(u)du. To emphasize the

0
dependence of F(&;|F;—) on the unknown parameters 6 and Ao, we denote it by H;(t,6, Ag). In

practice, the integrations in this formula can be evaluated by numerical approximations (Evans
and Swartz [13]).

Next we intend to drive the inference procedures for 6 and Ay based on the intensity model

For notational simplicity, denote A(t|Z;(s), Xi(s),s < t) by A(t|Z;, X;), and let
Mit, 0, \o) = / Yi(w)A(u| Z, X:)du, (2.3)

which is a counting process martingale associated with the observed F;-filtration (Fleming and
Harrington [14]).

Obviously, the main challenge to estimate the unknown parameters based on model (2.2) is
the dependence of H;(t,6, \o) on the baseline intensity function A\g. However, observe that any
estimator for Ag(-) depends on the jumps of N; (i = 1,...,n) from (2.1). Hence, following the
arguments taken by Pipper and Martinussen [11], we estimate Ag(-) initially as follows:

/ >ty {dNi(u) = Yi(w)B{ Zi(w)du}

>im1 Yi(u) ’
where BI is some initial consistent estimator for 5. Note that Ké(t) is a consistent estimator
of Ag(t) under conditions C1-C4 and C8 listed in the next section. Furthermore, the kernel-

smoothed intensity function estimator from Klein and Moeschberger [15] is

q = [ a5 ) dibo)

where K(-) is the symmetric kernel function and b, is the bandwidth such that b, — 0 and

nb? — oo as n — oco. It can be shown that X(Ifs() is a consistent estimator for Ag(-) under some
regular conditions described in Klein and Moeschberger [15]. Therefore, it is natural to derive
the model (2.2) based estimator for cumulative baseline intensity function Ag(t) with given 6
as follows:
Roe0) = [ Do)~ A0 10,0 T ),
i1 Yi(u)

To derive the estimator for 8, suppose that Q;(t, 0, o) is a smooth (p + g)-vector-valued
function of Z;(t), X;(t) and 6, and also dependent on Ag. As elucidated by Lin and Ying [16]
and Liu et al. [17], we specify the estimating function denoted by U(r,0) for parameter 6,

where

U0 =Y /0 Qi (1, 0, ES) [N, () — Vi (w) (87 Zs(u)du
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+ Hi(u, 0, &3 X, (u)du + dA,, (u, 0))}
n t
=3 [ Q6,355 - Qla, 6,365 Hai(w)
i=1 70

— Yi(u)(B" Zi(u) + Hi(u, 0, \§°)" X, (u))du},
with
Zz IY() (t597>‘0).
Ez:l Y( )
The solution to U(r,0) = 0, denoted by 5, is used to estimate 6y, the true value of 6.

Therefore, we obtain the estimator A, (t,8 A) for Ag(t). To ensure monotonicity, we make a

Q(t,0, \o) =

minor modification, that is, /AXZ( t) = maxg<y<t A, (u, 5) Following similar arguments to those

in Lin and Ying [2], it can be shown that Afl( ) — Ay (¢, ) op(n=2 2). On the other hand, we

may choose
Qit,0,%0) = [2] (t) + XT ()hV (¢,0, 20), XT (H)A (2,0, 20)]",
for simplicity, where h{" (t,0, Xo) = ZH;(t.0, \o) and h{®)(t,0,X) = 2 H;(t,0, \o).

3 Asymptotic Properties

In this section, we establish the large sample properties of the proposed estimators, beginning
with the following regularity conditions for ¢ = 1,...,n, throughout our discussion.

Cl {N/(),Yi("), Zi("), Xi(+), &, Qi(-, 0, X0)} are independent and identically distributed,
where 6 is in a parameter space ©, say. Furthermore, © is compact, containing true value of
parameter y as its interior point.

C2 P(C;>71)>0.

C3  N;(7) is bounded by a constant. [ Ao(t)dt < oo and Ag(t) is continuous on [0,7].

C4 Both Z;(+) and X;(-) are of bounded total variations; moreover, Q; (-, 8, \g) has bounded
total variation, uniformly in 6 € ©, for every Ag.

C5 The following defined matrix A is nonsingular:

(Zl (’LL) + hgl)(u, 90, )\o)TXl (u))du !

A-ed [y 160, \o) — (1, B, A
/0 1(u){Q1(u, B0, Ao) — q(u, 60, Ao) } R (u, 09, Ao)" X1 (u)du

where G(t, 0, \p) = W

C6 The class {9Q;(t, -, X\o)/00, H;(t,0, Xo), hi(t,0, o) : t € [0,7],4 = 1,...,n} are equicon-
tinuous and bounded uniformly in parameter space ©, where h;(t, 0, Ag) = 80 H;(t,0, \o).

CT  H;(t,01,7\)) = Hi(t,05,7\}) a.s. implies that §; = 65 and A\ = A3. hi(t,0,\o)vy, =0
a.s., then v, = 0.

C8 Fori=1,...,n, & and X;(t) are orthogonal in the sense that E{¢] X;(t)} = 0 for
each t.

Conditions C1, C3, C4 and C6 simplify our derivations of the asymptotic results but are
not practical limitations, and Condition C2 can be enforced by choosing 7 to be not greater

than the maximum observation time. In addition, Condition C5 is a technique assumption.
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Note that g(t, 0, \g) is well defined under Condition C2. Condition C7 is a necessary identifia-
bility condition for model parameters. Actually, Condition C8 states that random effect £ and
covariate X (t) are uncorrelated after centerization.

We describe the asymptotic behaviors of estimates of the regression parameters and the

association parameters in the following theorem.

Theorem 3.1  Under Conditions C1 to C8, 8 is a consistent estimator for 6y, while \/ﬁ(é\— 6o)

converges weakly to a zero-mean normal with covariance matriz A~ S (7, 7)(AT) ™1, where

5(s, 1) = E[ / Q1 (11,80, M) — @, B0, Ao) }AM () / {Q1(0, 60, M) — (v, B, o)} dM, (1)

for s and t in [0, 7], with dMy(t) = dM1(t, 00, \o)-

A consistent estimator of the covariance matrix is given by A~'S(r, 7)(AT)~!, where

1 1 . T JKS raY o YKS
A= 3 [ QPR ~ QB
1 P T
(Zi(u) + b (u, 8, NKS)T X (u)) du
B2 (u, 0, XSHT X, (w)du

K2

Ss6) = 13 [ Qi 0.3 ~ Qw0 bl
i=1

: / t{@-(vﬁ, ASE) — Q(v, 8, N55)}T dM;(v),
0

with dM;(t) = dN;(t) — Y;(t)(dAn(t,0) + BT Z(t)dt + Hi(t, 0, NES)T X, (t)dt). The proof of The-
orem 3.1 is deferred to Section 4.
Let SO (t) = Ly, Yi(t) and

1< Zi(t) + BV (8,0, 20)T X, (¢
S(l)te)\o _Z ()(2) i ( 0) ()
[ hi” (t, 6, M) Xi(t)
and write E(t,0,\) = SN (¢,0,10)/S?(¢). The limiting values of S (), SM(¢,0, \o), and
E(t,0, \) are given by s (t), s()(¢,6, \¢), and e(t, 0, \g), respectively. The essential asymp-
totic results for the cumulative baseline intensity function estimator are summarized by the
following theorem.
Theorem 3.2 Under Conditions C1-C8, { n(t,
uniformly in t € [0,7], while \/rn(A,(t,8) — Ao(t)

process with covariance function (s, t) = E[¥q(s

£,0) — Ao(t )} converges in probability to 0,

~—

converges weakly to a zero-mean Gaussian
Uy (t)], where

\_/

t t T
W0 = [ S — [ e(w.00.30)T A |Gy (a0 0) =00, M)A )
Denote

50 = [~ ali(w) — [ B0 NS [ {Quw..3) - Qu, B, X5,
“‘/om ) = [ B BT a0 [ Qi8R ~ QDR b ).
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Then the covariance function (s, ¢) could be consistently estimated by < > U(s)W(t). The

detailed proofs are also relegated to Section 4.

4 Proofs

The proofs of Theorems 3.1 and 3.2 are investigated in this section. We first state two useful
lemmas.

1

NG
Proof Note that ng is a consistent estimator for A\g. Furthermore, this convergence can be

Lemma 4.1 U(t,6) converges weakly to a zero-mean normal with covariance (7, 7).

strengthened to uniform convergence in ¢ € [0, 7] by the continuity of Ay under Condition C3.

Hence, it follows from the dominated convergence theorem and Conditions C3, C4, and C6 that

1 1 «— [T _
WU(TaQ) = NG ;/0 {Qi(u, 0, 0) — Q(u, 0, o)}
x {dN;(u) = Y;(u) (BT Z;(u) + H;(u, 0, Mo) T X;i(u))du}
+ op(1)

1 o /T
= = Ql u797)‘0 _6%97)\0
2 ) (@0 <000}
x {dN;(u) = Yi(u) (8" Zi(u) + Hi(u, 0, Ao)" Xi(u))du}
+ 0, (1).
Thus, simple calculation yields that ﬁU(T, o) is asymptotically equivalent to

% 2 /0 {Qi(u, 89, \o) — T(u, 00, M) } dM; (u),

which is essentially a sum of independent and identically distributed random vectors. Then the
desirable result follows straightforwardly.

_19U(r,60)
n 00

Lemma 4.2 converges in probability to A.

Proof Analogously to Lemma 4.1, some simple algebraic manipulation yields that

_%aU(T, 0)/96 = % > /OT Y (u){Qiu, 0, 75) — Q(u, 0, \§5)}

- T
(Zi(u) + B (u, 6, NS9)T X (u))du

hEZ)(u,G,X(I)(S)TXi(u)du
1 T TKSY A TKS
’EZ/O [0:(u, 0, NE5) — O(u, 0, X55) )
x {dN;(u) = Yi(u) (67 Zi(u) + H;(u, 0, 85T X, (w))du} + 0,(1)

= % ; /OT Yi(u) {Q;(u, 6, \o) — q(u, 0, o)}

(Zi(u) + b5 (u, 0, 20)T X (w))du !

h{? (u, 0, M) T X (u)du
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- % ;AT {Ql(u’97>\0) _a(uvga )‘0)}

x {dN;(u) = Yi(u) (87 Zi(w) + H;(u, 0, M0)" X;(u)) du} + 0,(1)
= a(8) — b(8) + op(1),

where Q;(t,0, ) = M 6( Xo) = Z?ZIZS:’;(t)%((:),H,Ao), and ¢ is the limit of 6 as
i=1 "7
n — oo.
Obviously, a(fy) converges almost surely to A by Strong Law of Large Numbers. b(fp) is

equal to
I~ [T, -
£l RCXON PR R O NPN) EAVACH)
i=1"0

which is asymptotically negligible. Thus we have the proof done. Furthermore, we can conclude
under Condition C6 that —%6U(T, 1) /06 converges in probability to A for any estimator 67
such that 67 —,, 6.

Proof of Theorem 3.1 For a vector b, define ||b|| = sup, |b;|, and for a matrix B, define
| Bl = sup, ; |bi;]. In view of Lemma 4.2 and Condition C5, let d = 1/(4[|A™"|)) and d,, =
1/(4/|(—=20U(7,6,)/06)~||) whenever 20U(r,6,)/0 is nonsingular. Select § sufficiently small
such that || 19U(7,0)/00 — 29U(,6,)/96)|| < d whenever || —6o|| <, for all n. Since d,, con-
verges in probability to d by Lemma 4.2, we can conclude that | 20U (7, 6) /80— 29U(7,6,)/96)|
< 2d,, for large n, where n is not dependent on 6, i.e., one can find a commonly large n for all
6 under Condition C6.

Write Os = {0 : ||0 — 6o|| < 0}. Tt follows from the inverse function theorem (Foutz [18])
that 1U(7,-) is a one-to-one mapping from Os onto 2U(7, O;) and the image set +U(7,Os)
contains the open neighborhood %U(T, 6o) with radius d, 0. Hence, when n is taken sufficiently
large, image set ~U(7,0s) contains the open neighborhood 1U(7,6,) with radius d6/2. On
the other hand, the convergence of %U(T, o) to zero can be derived obviously from Lemma 4.1.
Therefore, 0 exists and is unique in Og and aconverges to Oy almost surely since § can be taken
arbitrarily small.

With respect to asymptotic normality, it follows from the Taylor expansion, Lemmas 4.1
and 4.2 that

oy —1
1%) ! U(r, )

Vi(f — 8y) = (“ o0 NG
e % ;/OT{%,@O,AO) = (80, 20)}AM; () + 0p(1),

where 0* is on the line segment between 9 and 0. Consequently, \/ﬁ(g — 6y) behaves asymp-

totically as a sum of independent and identically distributed random vectors, which converges

to a zero-mean normal with covariance A=1X(7,7)(AT)~! following from Lemma 4.1.
Furthermore, through repeated applications of the strong law of large numbers and the

convergence of 0 to 0o, the estimator E_li(ﬂ T) (ET)_1 can be shown to converge in probability
to A71%(r, 7)(AT) !
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To prove Theorem 3.2, we need to present two lemmas.

Lemma 4.3 Let £, be a sequence of bounded vector-valued functions and g, be a sequence of
bounded functions such that

(1) supg<i<, Ifn(t) — £(t)|| — O for some bounded function f,

(ii) £, are elementwisely monotone on [0, 7] and

(iil) supg<i<, [9n(t) — g(t)| — O for some continuous function g on [0, T].
Then

o?tlng /Ofn(u)dgn(u)—/O f(u)dg(u)|| — 0,
oglg)r /Ogn(u)dfn(u)—/0 g(u)df(u)|| — 0.

This lemma is a simple extension of Lemma 1 of Lin et al. [19] and its proof follows from
that of Lin et al. [19] straightforwardly by replacing |- | by || - ||. We now extend Lemma 4.3 to

the situation of sequences of stochastic processes.

Lemma 4.4 Let F, (t) be a sequence of bounded vector-valued processes and G,(t) be a se-
quence of processes such that

(1) supg<i<, [[Fn(t) = F(t)[| —p 0 for some bounded process F(t),

(ii) Fp,(t) are elementwisely monotone on [0, 7] and

(i) Gn(t) converges weakly to a mean-zero process with continuous sample paths.
Then

aup | [/ (0) ~ )0 - 0
0<t<r P
sup / G (uw)d{F,(u }H — 0.
0<t<r

Proof 1t suffices to prove the first conclusion because the second one follows from it through
the integration by parts formula. Let G(t) be the weak convergence limit of G, (¢). It follows
from the strong embedding theorem that there exists a new probability space wherein (F Gn)
converges almost surely to (F,G), where (F,,,G,) has the same distribution as (F,,G,) and
(F,G) has the same distribution as (F,G). Since F,(¢) is monotone on [0,7] and G(t) is

continuous on [0, 7], by applying Lemma 4.3, we have, as n — oo, in this new probability space

t t
sup / F,(u)dGp(u) —/ F(u)dG(u)|| — 0,
0<t<t IlJ0 0 a.s.
while in the original probability space we have
t t
sup / F,(u)dGp(u) — / F(u)dG(u)|| — 0.
0<t<r |[J0 0 p

Specifically, by taking the place of F,,(u) with F(u) in the above display, one has

/ F()d{Gou) G(u)}\ -

sup
0<t<r
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Thus
s / (B (1) ~ F(0)}dGy 1) < sup /(:an)dc:n(u)— /Otm)d(;(u)
| metc -]
— 0.

Note that Lemma 4.4 still holds if condition (ii) is extended to more general case in which
F,.(t) could be represented as a sum of finite number of monotone functions on [0, 7].

After preparations of these two lemmas, we turn back to the proof of Theorem 3.2.

Proof of Theorem 3.2 Taylor expansion and some simple manipulation entail that
ViR (t,6) — Ao(t)

_ [ T 5 fVn i dMi(u) >
_—/O B, 00, 20) d/n(0 ) + | SIS o, (Vi — 01)

= */ E(u, 0, Ao) " duA~ 1\/—2/ {Qi(u, 0o, Ao) — q(u, 6o, Ao) M (u)

/ sz 14 ()+o,,(1).

Note that as a function of t,

Z(t) + hD (¢, 00, 20)T X (t)

Y (t)
h2)(t,00, X0)T X (t)

is of bounded variation over ¢ € [0, 7] under Conditions C4 and C6 so it can be represented as

a sum of two monotone functions of ¢ € [0, 7]. Hence, condition (ii) of Lemma 4.4 is satisfied.

It follows from Theorem 2.7.5 of van der Vaart and Wellner [20] that the class of functions
Z(t) + hD(t, 00, 20)" X (t)

Y (t) 1t e0,7]
R (L, 00, X0)T X (1)

is Donsker, so is the class{Y (t) : t € [0, 7]}. Hence, we have
sup [S™ (¢, 60, Ao) — s (¢, 60, Ao) | >0
0<t<r

and

sup [|S(t) —s@(1)] — 0.
0<t<r p

Then under Condition C2,
sup HE(t, 90, Ao) - e(t, 90, )\0)” — 0.
0<t<r P
Thus, condition (i) of Lemma 4.4 is verified. Since condition (iii) of Lemma 4.4 is naturally

satisfied, from Lemma 4.4, we have

/0 (E(u, 90, )\0) — e(u, 90, /\0))du

— 0.
p

sup
0<t<r
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On the other hand, to show

/ot(S“i(u) G >) (fZM )H?O’

it suffices to show that the limiting process of ﬁ Z?zl M;(t) has continuous sample paths by
using Lemma 4.4 and condition C2. Likewise, it follows from (2.3) that the class {M(¢) : ¢ €
[0, 7]} is Donsker. Observe that E(M(t)) = 0. Therefore, ﬁ Sty M;(t) converges Wealdy to a
limiting Gaussian process, denoted by W(t). It can be shown that E{W(t)-W(s)}* < K|t—s|?

for some constant K > 0. It then follows from the Kolmogorov—Centsov theorem (Karatzas and

sup
0<t<r

Shereve [21]) that W has continuous sample paths.

Hence, we can conclude that

Vi sup A (t,0) — Ao(t)] = O, (1) (4.1)

o<t<r

and
V(R (t,0) = Ao(t))
~— [ elubo ) dua? IZ / {Qi(1,60, Ao) — (1, B0, Ao) FAM; ()

- [ EERE )

= ﬁ;\lli(t)Jrop(l). (4.2)

Thus, the uniform consistency follows from (4.1) and the weak convergence follows from (4.2),
and the class {U(t) : t € [0, 7]} is Donsker. Hence, the proof of Theorem 3.2 is done.

Furthermore, for fixed s and ¢, the convergence of £ 37" | U(s)W(t) to (s, t) can be derived
straightforwardly from the uniform strong law of large numbers and the consistency of 9 to 0o
and A, (t,6) to Ag(t).

5 Concluding Remarks

We propose a semiparametric additive intensity model with additive frailty for analyzing the
recurrent event data. The corresponding estimators for both regression parameters and associ-
ation parameters are derived together with their large sample properties. Meanwhile, we also
discuss the asymptotic properties of the cumulative baseline intensity function estimator.

Since different frailty variables would induce different correlation structures, the more rea-
sonable choice should be based on the nature of data set and the aim of investigator. For
univariate frailty, the positive stable frailty should be preferred in situation where the corre-
lated recurrent event data show a decreasing association with time, while the gamma frailty
shows an increasing association with time.

The proposed additive intensity model with additive frailty can be extended straightfor-

wardly to accommodate the clustered survival data when one is interested in comparing the
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lifetimes of individuals within the same cluster, estimating the correlation between lifetimes, as

well as evaluating the influence of covariates on lifetime. A separate research is now under way.

Acknowledgements The authors are grateful for the valuable comments and suggestions
from the Associate Editor and the referees which drastically improved the appearance of this

article.

References
[1] Andersen, P. K., Gill, R. D.: Cox’s regression model for counting processes: A large-sample study. Ann.
Statist., 10, 1100-1120 (1982)
[2] Lin, D. Y., Ying, Z.: Semiparametric analysis of the additive risk model. Biometrika, 81, 61-71 (1994)
[3] McKeague, I. W., Sasieni, P. D.: A partly parametric additive risk model. Biometrika, 81, 501-514 (1994)
[4] Nielsen, G. G., Gill, R. D., Andersen, P. K., et al.: A counting process approach to maximum likelihood
estimation in frailty models. Scand. J. Statist., 19, 25-43 (1992)
[5] Oakes, D.: Frailty models for multiple event times. In: Survival Analysis: State of the Art (J. P. Klein and
P. K. Goel eds.), Kluwer Academic, Amsterdam, 1992, 371-379
[6] Murphy, S. A.: Consistency in a proportional hazards model incorporating a random effect. Ann. Statist.,
22, 712-731 (1994)
[7] Murphy, S. A.: Asymptotic theory for the frailty model. Ann. Statist., 23, 182-198 (1995)
[8] Parner, E.: Asymptotic theory for the correlated gamma-frailty model. Ann. Statist., 26, 183-214 (1998)
[9] Hougaard, P.: Analysis of Multivariate Survival Data, Springer, New York, 2000
[10] Zeng, D., Lin, D. Y.: Semiparametric transformation models with random effects for recurrent events. J.
Amer. Statist. Assoc., 102, 167-180 (2007)
ipper, C. B., Martinussen, T.: An estimating equation for parametric shared frailty models with margina.
11] Pi C. B., Marti T.: A imati ion fi ic shared frail dels with inal
additive hazards. J. Roy. Statist. Soc. Ser. B, 66, 207—220 (2004)
ndersen, P. K., Borgan, O., Gill, R. D., et al.: Statistical Models Based on Counting Processes, Springer-
12] And P.K,B 0., Gill, R. D 1.: Statistical Models Based on C ing P Spri
Verlag, New York, 1993
[13] Evans, M., Swartz, T.: Approximating Integrals via Monte Carlo and Deterministic Methods, Oxford
University Press, Oxford, 2000
eming, T. R., Harrington, D. P.: Counting Processes and Survival Analysis, Wiley, New York,
14] Flemi T. R., Harri D.P.: C ing P d Survival Analysis, Wiley, New York, 1991
ein, J. P., Moeschberger, M. L.: Survival Analysis: Techniques for Censored an uncated Data, 2n
15] Klein, J. P., M hb M. L.: Survival Analysis: Techni for C d and Tr d D 2nd
Edition, Springer-Verlag, New York, 2003
in, D. Y., Ying, Z.: Semiparametric analysis of general additve-multiplicative hazard models for counting
16] Lin, D. Y., Yi Z.: Semi i lysis of 1 addi Itiplicative h d models f i
processes. Ann. Statist., 23, 1712-1734 (1995)
i, Y., Wu, Y., Cai, J., et al.: itive-multiplicative rates model for recurrent events. Lifetime Data
17] Liu, Y., Wu, Y., Cai, J l.: Additi Itiplicati del f Lifetq D
Anal., 16, 353-373 (2010)
[18] Foutz, R. V.: On the unique consistent solution to the likelihood equations. J. Amer. Statist. Assoc., 72,
147-148 (1977)
[19] Lin, D. Y., Wei, L. J., Yang, L., et al.: Semiparametric regression for the mean and rate functions of
recurrent events. J. Roy. Statist. Soc. Ser. B, 62, 711-730 (2000)
[20] van der Vaart, A. W., Wellner, J. A.: Weak Convergence and Empirical Processes, Springer, New York,
1996
[21] Karatzas, 1., Shereve, S. E.: Brownian Motion and Stochastic Calculus, Springer-Verlag, New York, 1988




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Gray Gamma 2.2)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated v2 300% \050ECI\051)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 150
  /ColorImageMinResolutionPolicy /Warning
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 150
  /GrayImageMinResolutionPolicy /Warning
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.40
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 1.30
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 10
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 600
  /MonoImageMinResolutionPolicy /Warning
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /Description <<
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc87a25e55986f793a3001901a904e96fb5b5090f54ef650b390014ee553ca57287db2969b7db28def4e0a767c5e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /DAN <>
    /ESP <>
    /FRA <>
    /ITA <>
    /JPN <>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020d654ba740020d45cc2dc002c0020c804c7900020ba54c77c002c0020c778d130b137c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor weergave op een beeldscherm, e-mail en internet. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /PTB <>
    /SUO <>
    /SVE <>
    /ENU (Use these settings to create Adobe PDF documents best suited for on-screen display, e-mail, and the Internet.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
    /DEU <FEFF004a006f0062006f007000740069006f006e007300200066006f00720020004100630072006f006200610074002000440069007300740069006c006c0065007200200037000d00500072006f006400750063006500730020005000440046002000660069006c0065007300200077006800690063006800200061007200650020007500730065006400200066006f00720020006f006e006c0069006e0065002e000d0028006300290020003200300031003000200053007000720069006e006700650072002d005600650072006c0061006700200047006d006200480020>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e5c4f5e55663e793a3001901a8fc775355b5090ae4ef653d190014ee553ca901a8fc756e072797f5153d15e03300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToRGB
      /DestinationProfileName (sRGB IEC61966-2.1)
      /DestinationProfileSelector /UseName
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles true
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /NA
      /PreserveEditing false
      /UntaggedCMYKHandling /UseDocumentProfile
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [510.236 793.701]
>> setpagedevice


